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Abstract
In this paper we analyze three quantum operations in two dimensional conformal
field theories (CFTs): local projection measurements, creations of partial entangle-
ment between two CFTs, and swapping of subsystems between two CFTs. We also
give their holographic duals and study time evolutions of entanglement entropy. By
combining these operations, we present an analogue of quantum teleportation be-
tween two CFTs and give its holographic realization. We introduce a new quantity
to probe tripartite entanglement by using local projection measurement.
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1 Introduction
The holographic principle [1], especially the AdS/CFT [2], relates the structures of grav-
itational spacetimes to those of quantum entanglement as in [3, 4, 5, 6, 7, 8, 9, 10].
This motivates us to study gravitational counterparts of quantum information theoretic
properties.
In quantum information theory, operational methods are very important (see e.g. text
books [11, 12]). Consider a bipartite system which consists of A and B, which are far
apart. We write the density matrix for the total system AB as ρAB. We also define
the reduced density matrix ρA by tracing ρAB out with respect to B. A basic class of
physical manipulations is called LOCC (local operations and classical communications)
and is defined as follows. Local operation (LO) is defined by the map
ρAB →
∑
i,j
(Ai ⊗Bj)ρAB(A†i ⊗B†j ), (1.1)
with the trace preserving condition
∑
iAiA
†
i =
∑
j BjB
†
j = 1. This includes the pro-
jection measurements and unitary transformations which act either A or B at the same
time. Moreover, we allow classical communications (CC) so that we can send a classical
information from A to B. These are called LOCC and are considered to describe possible
physical operations.
For example, consider the entanglement entropy (EE) SA = −Tr[ρA log ρA], which is
the best measure of quantum entanglement when the total system is pure. It has the
important property that it does not increase under LOCC on average. Moreover, the
entanglement entropy (divided by log 2) is known to be equal to the averaged maximum
number of EPR pairs which we can extract from A and B by LOCC. In this way, the
entanglement entropy has a definite operational meaning.
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The quantum operations play a crucial role in the quantum teleportation [13]. In this
process, it is important that A and B are strongly entangled. Owing to this entanglement,
we can send the information of a given state from A to B by LOCC.
In this paper we would like to formulate several important quantum operations in the
language of quantum field theories. We especially focus on two dimensional conformal
field theories (2d CFTs) so that we can apply the powerful technique of conformal maps.
Our quantum operations include local projection measurements and partial entangling of
two CFTs as well as swapping of two CFTs. Local projection measurements mean that
we perform projection measurements for all points in a region P assuming a lattice reg-
ularization. Therefore, the state just after the projection has no real space entanglement
in P . A class of such states with no real space entanglement are described by boundary
states (or Cardy states [14]) as argued in [15]. Therefore we can identify a class of states
after the local projection measurement with boundary states, as recently pointed out by
Rajabpour [16, 17, 18].
Partial entangling is defined by adding maximal entanglement between two CFTs in a
particular region. Swapping is to exchange two intervals in two CFTs. We will also give
holographic duals of these operations and compute the holographic entanglement entropy
(HEE) [4, 5] (also refer to the reviews [19]) in various setups with time evolutions. Finally
we will combine our quantum operations to give an analogue of quantum teleportation
between two CFTs. We present its holographic realization by considering an AdS black
hole. This holographic model of quantum teleportation is closely related to the one by
Susskind [9, 10] as in both setups the information is teleported through the Einstein-Rosen
bridge.
This paper is organized as follows: In section two, we explain how to realize local pro-
jection measurements in CFTs. We also compute the evolution of entanglement entropy
after the measurement in a free fermion CFT. In section three, we introduce two more
quantum operations: partially entangling and swapping of two CFTs. In section four, we
present holographic dual of our quantum operations in CFTs. In section five, we compute
the time evolution of entanglement entropy after these operations by using gravity duals.
In section six, we will present an analogue of quantum teleportation between two CFTs
as well as its holographic realization. In section seven, we summarize our conclusions
and discuss future problems. In appendix A, we summarized our conventions of theta
functions. In appendix B, we present a toy analytical model of partially entangling two
CFTs. In appendix C, we summarized our result for holographic entanglement entropy
for two symmetric intervals under local projection measurements.
3
2 Local Projection Measurements in CFTs
Consider a two dimensional CFT defined on an infinite line −∞ < x < ∞. This is
described by a path-integral on a complex plane, whose coordinate is expressed as (w, w¯)
such that w = x+iy√
2
.
Then we would like to describe an operation of projection measurement along an
interval P , given by x ∈ [−q, q]. We especially focus on a local projection measurement,
which means that in a discretized description as a lattice theory, we specify a specific
quantum state for each site by the projection. In other words, we consider the following
projection operator
P =
(∏
x∈P
|ψx〉〈ψx|
)
⊗
(∏
x∈P c
Ix
)
, (2.2)
where Ix is the identity operator at the site x. The total quantum state we are interested
in is given by P|Ψ0〉, where |Ψ0〉 is the ground state of the CFT. By a local unitary
transformation we can choose |ψx〉 to be a canonical one |0x〉. The state
∏
x |ψx〉 has no
real space entanglement as it is a direct product state on the interval. In [15], a class of
such states, which are translationally invariant, is give by boundary state (Cardy state)
[14] in the boundary conformal field theories (BCFTs).
2.1 General Prescription at t = 0
The recent papers [16, 17, 18] by Rajabpour argue that such a projection measurement is
realized by inserting a slit along the interval P in the Euclidean path-integral description
as depicted in the left picture of Fig.1. The upper edge and lower one each give the
state
∏
x∈P |0x〉 and
∏
x∈P 〈0x|, respectively and thus they are equivalent to the projection
operation P . Calculations of various physical quantities can be done by performing the
following conformal map1
ξ =
√
q/
√
2 + w
q/
√
2− w, (2.3)
which is sketched in the right picture of Fig.1. This maps our one slit geometry into an
upper half plane.
A quantity which we can calculate immediately is the energy stress tensor T . Since T
is vanishing on the upper half plane, its contribution after the conformal mapping purely
1The factor
√
2 in q/
√
2 is correlated with that in our coordinate definition w = (x+ iy)/
√
2 which is
consistent with our convention of holographic description.
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comes from the Schwarzian derivative term
T (w) = − c
6
(
3(f ′′)2 − 2f ′f ′′′
4(f ′)2
)
, (2.4)
where c is the central charge of the 2d CFT. In our example (2.3) we find explicitly
T (w) =
cq2
16(q2/2− w2)2 . (2.5)
We are focusing on the quantum state at the Euclidean time tE = 0, equally Imw = 0.
The position where we measure the energy stress tensor is specified by the coordinate
Rew. The result (2.5) shows that the energy density gets divergent at w = ±q, i.e. the
two edges of the projected interval P . In the next subsection we will introduce a UV cut
off and resolve this singular behavior.
Now let us compute the entanglement entropy SA when the subsystem A is defined as
an interval [q, q + l] next to the projected region P .2 We can compute SA in the replica
method. We introduce the twist operator σn which produces an end point of the cut
for a n-sheeted Riemann surface as in the standard treatment [20]. The chiral conformal
dimension of σn is
c
24
(n− 1/n) for a central charge c. Then the trace Tr(ρA)n corresponds
to the one point function 〈σ(w1, w¯1)〉w on the w-plane, with w1 = w¯1 = q+l√2 . By the map
(2.3) into the upper half plane (UHP), this is evaluated as
〈σ(w1, w¯1)〉w =
∣∣∣∣ ∂ξ1∂w1
∣∣∣∣ c12 (n−1/n) · 〈σ(ξ1, ξ¯1)〉UHP ∝ ( qal(2q + l)
) c
12
(n−1/n)
, (2.6)
where a is the UV cut off (lattice spacing) and we defined ξ1 = i
√
(2q + l)/l = −ξ¯1.
Therefore by taking a derivative with respect to n, setting n = 1, we find
SA =
c
6
log
2l(l + 2q)
qa
+ γb, (2.7)
where γb represents an additive constant. This agrees with the decompactifying limit of
the result in [16] for a two dimensional CFT on a circle. Note also that as is obvious from
the above analysis, the constant γb depends on the boundary condition of the boundary
state and is given by the boundary entropy [21] plus a numerical constant which depends
on the choice of the UV cut off a. In this paper we will simply set γb = 0, which does not
change the outline of our results.
2For more general choices of subsystem A, results are not universal and will be discussed later in the
case of free fermion CFTs and holographic CFTs.
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Figure 1: The conformal transformation from the coordinate (x, y) into an upper half
plane (ξ1, ξ2), where w = (x+ iy)/
√
2 and ξ = (ξ1 + iξ2)/
√
2.
2.2 UV Regularized Description and Time Evolution
Actually, the previous description with a single cut and the conformal transformation
(2.3) leads to a physically singular setup as the energy density gets divergent near the
two endpoints of the interval P as we saw in (2.5). This is because we projected the
state on P even for high energetic modes. To resolve this issue, we add a small Euclidean
time evolution of the projected state in the path-integration. This leads to the two cuts
geometry explained in the left picture of Fig.2, where we choose the length of the interval
P to be 2q. This regularized description has an advantage that we can study the time
evolution in a systematic way.
For the real time evolution we set
p1 = p− it, p2 = p+ it, (2.8)
via an analytical continuation of Euclidean time as in the right picture of Fig.2. This
describes the time evolved state
e−itHe−pH · P|Ψ0〉. (2.9)
In order to analyze this setup, we can employ a chain of conformal maps from the two
cut geometry into an annulus or cylinder, sketches in the upper half of Fig.3. The map
X = X(ζ) from the annulus ρ ≤ |ζ| ≤ 1 to our two cut geometry is found in [22] (see also
the general analysis [23]) as follows3:
X(ζ) = 2ip
(
K (ζ/
√
ρ) +K (ζ
√
ρ)− 1
2
)
− t, (2.10)
3 Here we set A = 2ip and χ = pi2 in eq.(2.1) of [22] and used the fact K(−1) = 12 and K(−ρ) = 0.
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Figure 2: The left picture describes the Euclidean path-integral expression of the quantum
state, evolved by an Euclidean time after the projection measurement. The right picture
describes the real-time evolution after the projection measurement.
where K(ζ) is defined by
K(ζ) ≡ ζ d logP (ζ)
dζ
,
P (ζ) ≡ (1− ζ)
∞∏
k=1
(1− ρ2kζ)(1− ρ2kζ−1). (2.11)
Note that its complex conjugate is given by
X¯(ζ¯) = −2ip
(
K
(
ζ¯/
√
ρ
)
+K
(
ζ¯
√
ρ
)− 1
2
)
+ t, (2.12)
as we need to regard it as a real valued Euclidean time.
We can express this function as follows
K(ζ) =
ζ
ζ − 1 +
∞∑
k=1
(
ρ2kζ−1
1− ρ2kζ−1 −
ρ2kζ
1− ρ2kζ
)
. (2.13)
We can easily prove the relation K(1/ζ) = 1−K(ζ). Note also K(1) =∞.
We can show that this map (2.10), the radius 1 and ρ circle, which are boundaries of
the annulus, are mapped into the cuts [ip− q, ip+ q] and [−ip− q,−ip+ q], respectively.
Especially, the points ζ = 1 and ζ = −1 are both mapped into the point X = ip − t.
The points ζ =
√
ρ and ζ = −√ρ inside the annulus are mapped into the X = ∞ and
X = −t.
The value of q can also be found from the transformation (2.10) as we will see below.
For this, we would like to study the mapping of the circle |ζ| = 1. The point ζ = eiθ is
transformed as
X(eiθ) = ip− t+ 2p · d logF (θ)
dθ
, (2.14)
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where F (θ) is defined by (our theta-function convention is summarized in appendix A)
F (θ) =
∞∏
n=1
(1− ρn−1/2e−iθ)(1− ρn−1/2eiθ) = ρ 124 · θ4(ν, is)
η(is)
. (2.15)
Here we defined θ = 2piν (0 ≤ ν < 1) and ρ = e−2pis.
Note that since F (θ) is real valued function and thus Im[X(eiθ)] = p. The modular
transformation leads to
F (θ) = ρ
1
24 · e−piν
2
s · θ2
(
iν
s
, i
s
)
η(i/s)
. (2.16)
We are interested in the limit ρ→ 1 or equally τ = i/s→∞. In this limit we find
F (θ) ∼ e−pi ν
2
s e−
pi
6s e
piν
s . (2.17)
Thus we find the following estimation in this limit
X(eiθ) ' ip− t+ (1− 2ν) p
s
. (2.18)
Since this takes the maximal value4 at ν = 0, we obtain
q
p
' 1
s
, (q  p). (2.19)
The full behavior of q/p on ρ is shown in Fig.4.
For later purposes, it is useful to perform two further conformal transformations
(sketched in the lower half of Fig.3). We can map the annulus in the ζ coordinate into a
cylinder in w coordinate as follows:
ζ = ρ · e−
√
2w. (2.20)
The coordinate w = x+iy√
2
takes values in the range
log ρ < x < 0, −2pi < y < 0. (2.21)
Moreover, we perform the following transformation into an annulus in ξ coordinate:
ξ = e2iβw, (2.22)
where we set
β =
1
2
√
2s
. (2.23)
In the appendix B, we presented a toy analogous examples which allow much simple
analytical calculations, where we replaced the two slit with two disks.
4Here we mean that ν is chosen to be infinitesimally small in the limit ρ→ 0. The strict value ν = 0
actually leads to X = ip− t as we already mentioned.
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Figure 3: The conformal map between the two cut geometry and the cylinder
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Figure 4: The ratio q
p
as a function of ρ.
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2.3 Explicit Example: 2d Free Fermion CFT
Now we would like to apply the previous formulation of local projection measurement in 2d
CFTs to a 2d free fermion CFT as an explicit example. Especially, our goal is to compute
the time evolution of entanglement entropy after the local projection measurement. For
this purpose, first we briefly explain the expression of the twist operator in 2d free massless
fermion, which is necessary for the replica method computation of entanglement entropy
[20, 24, 25]. First we consider the Dirac fermion on n-sheeted manifold which has a
branch point at z = 0 on a plane C. This can be seen as a collection of n Dirac fermions
(ψ(a), ψ¯(a)), a = 0, 1, · · · , n− 1 ∈ ZN on a plane C with the twisted boundary condition
ψ
(a)
L (e
2piiz) = ψ
(a+1)
L (z), ψ
(a)
R (e
−2piiz¯) = ψ(a+1)R (z¯), (2.24)
where the ψ
(a)
L (z) is the chiral part of Dirac fermion and ψ
(a)
R (z¯) is the anti-chiral part.
Since the Lagrangian is gaussian, action remains unchanged after the discrete Fourier
transformation
ψ(a) → 1√
n
n−1∑
b=0
e
2piiab
n ψ(b). (2.25)
After this discrete Fourier transformation, the twisted boundary condition is diagonalized:
ψ
(a)
L (e
2piiz) = e
2piia
n ψ
(a)
L (z), (2.26)
Thus the theory factorizes into n Dirac fermions which decouple from each other with
different boundary conditions given by (2.26). Next we consider the bosonization of free
Dirac fermion. The free massless Dirac fermion is mapped to the free scalar X(z, z¯) via
(we follow the convention in [25, 26])
ψL(z) = e
iXL(z), ψ¯L(z) = e
−iXL(z), ψR(z¯) = eiXR(z¯), ψ¯R(z¯) = e−iXR(z¯) (2.27)
The twist operator for Dirichlet boundary condition is explicitly given by [26]
σ(a)(z, z¯) = ei
a
n
(XL(z)+XR(z¯)), (2.28)
and for Neumann boundary condition, twist operator is given by
σ(a)(z, z¯) = ei
a
n
(XL(z)−XR(z¯)). (2.29)
For example, we can confirm that the OPE with (2.28) or (2.29) reproduces the correct
boundary condition (2.26). Then, the full twist operator is given by the product of each
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twist operator σ(a):5
σn(z, z¯) =
n−1
2∏
n=−n−1
2
σ(a)(z, z¯). (2.30)
Using this expression, we can calculate the correlation function of twist operators from
the correlation functions of vertex operators.
2.3.1 Entanglement Entropy at t = 0
We consider the (Re´nyi) entanglement entropy with one interval. The two point functions
of twist operators on the upper half plane are given by
〈σn(ξ1, ξ¯1)σ−n(ξ2, ξ¯2)〉UHP = d˜n
(
a′2(ξ1 − ξ¯2)(ξ¯1 − ξ2)
|ξ1 − ξ¯1||ξ2 − ξ¯2|(ξ1 − ξ2)(ξ¯1 − ξ¯2)
) 1
12
(n− 1
n
)
, (2.31)
where  is an UV cutoff and d˜n is the normalization factor of two point function on UHP.
In Imz and Imw → 0 limit, the two point function should factorize to the product of one
point functions on UHP:
〈σn(ξ1, ξ¯1)σ−n(ξ2, ξ¯2)〉UHP ∼ 〈σn(ξ1, ξ¯1)〉UHP 〈σ−n(ξ2, ξ¯2)〉UHP
= c˜2n
(
a′
|ξ1 − ξ¯1|
a′
|ξ2 − ξ¯2|
) 1
12
(n− 1
n
)
, (2.32)
where c˜n is the normalization factor of the one point function and we use the same notation
in [20]. Also we define the cutoff a′ = a/
√
2 to match the notation of cutoff in [16, 17, 18]6.
On the other hand, in this limit the explicit two point function (2.31) becomes
〈σn(ξ1, ξ¯1)σ−n(ξ2, ξ¯2)〉UHP ∼ d˜n
(
a′
|ξ1 − ξ¯1|
a′
|ξ2 − ξ¯2|
) 1
12
(n− 1
n
)
. (2.33)
Thus we find that d˜n = c˜
2
n. The map from the cylinder with slit to UHP is given by
ξ(w) =
√
sin pi
L
(q +
√
2w)
sin pi
L
(q −√2w) , (2.34)
and the differential is given by
dξ
dw
=
pi√
2L
sin 2pi
L
q√
sin3 pi
L
(q −√2w) sin pi
L
(q +
√
2w)
. (2.35)
5Here we only consider the case of odd n. For even n, we need to consider the choice of spin structure
carefully, but the final result is not changed.
6Because we choose the notation of w = x+iy√
2
, we need
√
2 factor to match the notation with [16, 17, 18].
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From this, the correlation function of twist operators on cylinder is given by
〈σn(w1, w¯1)σ−n(w2, w¯2)〉cyl/slit = c˜2n
(√
dξ
dw
∣∣∣
w=w1
dξ¯
dw¯
∣∣∣
w¯=w¯1
dξ
dw
∣∣∣
w=w2
dξ¯
dw¯
∣∣∣
w¯=w¯2
a′2(ξ1 − ξ¯2)(ξ¯1 − ξ2)
|ξ1 − ξ¯1||ξ2 − ξ¯2|(ξ1 − ξ2)(ξ¯1 − ξ¯2)
) 1
12
(n− 1
n
)
.(2.36)
By taking the derivative with respect to n and set n = 1, the entanglement entropy is
given by
SA =
1
6
log
(
4L
pi
sin pi
L
(l1 + 2q) sin
pi
L
l1
a sin 2pi
L
q
)
+
1
6
log
(
4L
pi
sin pi
L
(l2 + 2q) sin
pi
L
l2
a sin 2pi
L
q
)
+ 2c˜′1
+
1
3
log
|
√
sin pi
L
(s+l1)
sin pi
L
l1
−
√
sin pi
L
(s+l2)
sin pi
L
l2
|
|
√
sin pi
L
(s+l1)
sin pi
L
l1
+
√
sin pi
L
(s+l2)
sin pi
L
l2
|
. (2.37)
Note that c˜′1 is related to the boundary entropy log g [21, 20] up to a UV regularization
dependent constant.
When we take L→∞ , then we get
SA =
1
6
log
2(l1 + 2q)l1
aq
+
1
6
log
2(l2 + 2q)l2
aq
+ 2c˜′1 +
1
3
log
|
√
l1+s
l1
−
√
l2+s
l2
|
|
√
l1+s
l1
+
√
l2+s
l2
|
. (2.38)
When the region [q + l1, q + l2] is far from the end of slit (
q
l1
<< 1, |l2−l1|
l1
<< 1 ),
entanglement entropy becomes
SA ∼ 1
3
log
|l1 − l2|
a
+ 2c˜′1, (2.39)
which is the same behavior with the entanglement entropy with no projection measure-
ment up to the constant term. Generically the two point function of twist operators on
UHP is given by
〈σn(w1, w¯1)σ−n(w2, w¯2)〉UHP = c˜2n
(
a′2
|w1 − w¯1||w2 − w¯2|
) c
12
(n− 1
n
)
F(η). (2.40)
Here η = (w1−w¯2)(w¯1−w2)
(w1−w2)(w¯1−w¯2) is the cross ratio and F(η) is the function that only depends on
the cross ratio η and satisfies F(1) = 1 and F(η) ∼ fnη c12 (n− 1n ) with some constant fn.
We have f1 = 1 in the limit η → 0. From this, in the limit of ql1 << 1 and
|l2−l1|
l1
<< 1 ,
the entanglement entropy behaves
SA =
c
3
log
l2 − l1
a
+ 2c˜′1 + f
′
1. (2.41)
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In this way, we can confirm the usual logarithmic behavior of entanglement entropy for
general CFTs. On the other hand, there is not only the term c˜′1, related to the boundary
entropy but also another constant term f ′1 which comes from the non universal term F(η).
2.3.2 UV Regularized Description and Time Evolution
Next we consider the projection measurement with cutoff. The map from the plane with
two cuts to the annulus is given by
X(ζ) = 2ip(K(ζ
√
ρ) +K(ζ/
√
ρ)− 1
2
)− t,
X¯(ζ¯) = −2ip(K(ζ¯√ρ) +K(ζ¯/√ρ)− 1
2
) + t. (2.42)
By putting ζ = ρey(ζ¯ = ρey¯), we can map the annulus to the cylinder given by 0 ≤ Rey ≤
− log ρ and 0 ≤ Imy ≤ 2pi. Using this map, the correlation function of vertex operators
σ(a)(x1) and σ
(−a)(x2) is given by
〈σ(a)(x1)σ(−a)(x2)〉twocut =
( dy
dX
) a2
2n2
( dy¯
dX¯
) a2
2n2 〈σ(a)(y1, y¯1)σ(−a)(y2, y¯2)〉cylinder , (2.43)
where the coordinate yi and y¯i on cylinder is given by
yi = −1
2
log ρ+ 2piiνi, y¯i = −1
2
log ρ− 2piiν¯i (2.44)
νi (ν¯i) is the solution of X(
√
ρe2piiνi) = xi (X¯(
√
ρe−2piiν¯i) = xi). The correlation function
of vertex operators on cylinder with Neumann boundary condition is considered in [26]
and given by
〈V(kR,kL)(y1, y¯1)V(−kR,−kL)(y2, y¯2)〉
=
〈B|e−2pisHV(kL,kR)(y1, y¯1)V(−kL,−kR)(y2, y¯2)|B〉N
〈B|e−2pisH |B〉N
=
∑∞
w=−∞ e
−R2w2pis
2 e
R
2
(kLw(y1−y2)−kRw(y¯1−y¯2))∑∞
w=−∞ e
−R2w2pis
2
·
(
η(2is)3
θ1(
y2−y1
2pii
|2is)
)k2L
·
(
η(2is)3
θ1(
y¯2−y¯1
2pii
|2is)
)k2R
·
(
θ1(
y1+y¯1
2pii
|2is)θ1(y2+y¯22pii |2is)
θ1(
y1+y¯2
2pii
|2is)θ1(y2+y¯12pii |2is)
)kLkR
.(2.45)
We consider the case of symmetric interval i.e. x2 = −x1. Then, we find that ν1 − ν2 =
ν¯1− ν¯2 for any time t. We also find that for any interval [x1, x2] at t = 0, ν1−ν2 = ν¯1− ν¯2
holds. From this observation, after substituting the value of kR =
a
n
, kL = − an and (2.44),
13
we find that the numerator and the denominator of the third line of (2.45) cancels. Finally
the correlation function on cylinder we need is given by
〈σ(a)(y1, y¯1)σ(−a)(y2, y¯2)〉cylinder
=
(
η(2is)3
θ1(ν2 − ν1|2is)
) a2
n2 ·
(
η(2is)3
θ1(ν¯2 − ν¯1|2is)
) a2
n2 ·
(
θ1(ν1 − ν¯2 − is|2is)θ1(ν2 − ν¯1 − is|2is)
θ1(ν1 − ν¯1 − is|2is)θ1(ν2 − ν¯2 − is|2is)
) a2
n2
.
(2.46)
Here s = − 1
2pi
log ρ. The final expression of correlation function of twist operators on the
plane with two cuts is given by
〈σn(y1, y¯1)σ−n(y2, y¯2)〉twocut
=
[√
dy
dX
∣∣∣
X=x1
dy¯
dX¯
∣∣∣
X¯=x1
dy
dX
∣∣∣
X=x2
dy¯
dX¯
∣∣∣
X¯=x2
·
(
η(2is)3
θ1(ν2 − ν1|2is)
)
·
(
η(2is)3
θ1(ν¯2 − ν¯1|2is)
)
·
(
θ1(ν1 − ν¯2 − is|2is)θ1(ν2 − ν¯1 − is|2is)
θ1(ν1 − ν¯1 − is|2is)θ1(ν2 − ν¯2 − is|2is)
)] 112 (n− 1n )
.
(2.47)
After taking the differential with regard to n and put n = 1, we get entanglement entropy:
SA =
1
6
log
[√
dy
dX
∣∣∣
X=x1
dy¯
dX¯
∣∣∣
X¯=x1
dy
dX
∣∣∣
X=x2
dy¯
dX¯
∣∣∣
X¯=x2
·
(
η(2is)3
θ1(ν2 − ν1|2is)
)
·
(
η(2is)3
θ1(ν¯2 − ν¯1|2is)
)
·
(
θ1(ν1 − ν¯2 − is|2is)θ1(ν2 − ν¯1 − is|2is)
θ1(ν1 − ν¯1 − is|2is)θ1(ν2 − ν¯2 − is|2is)
)]
.
(2.48)
To extract the effect of projection measurement, we consider the difference of entanglement
entropy from that of the ground state SgroundA :
∆SA ≡ SA − SgroundA . (2.49)
We plotted ∆SA in the case of p =
1
2
and ρ = 0.6 (corresponding to q ' 5.3) in Fig.5.
The left graph shows that the quantum entanglement is reduced around the region P
−q ≤ x ≤ q as expected. The right graph shows the time evolution of entanglement
entropy for a fixed interval. Just after the local projection at t = 0, the entropy grows
linearly, whose mechanism is very similar to the global quenches [39]. It starts saturated
around the time given by the half of the length of interval and gets constant for a time
period q. After that it rapidly goes to zero. This is because the excitations, which are
originally produced in the region P at t = 0, simply go a way from the interval A for the
late time region t > q, as they propagate at the speed of light.
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Figure 5: The behavior of the growth of entanglement entropy ∆SA in the free fermion
CFT after the local projection measurement. The left graph describes ∆SA as a function
x, where the subsystem A is chosen to be the interval [−0.5 + x, 0.5 + x]. The right one
shows the time evolution of ∆SA for the fixed subsystem A given by [−0.5, 0.5].
3 Partially Entangling and Swapping of Two CFTs
Next we would like to consider two different quantum operations which act on two identical
2d CFTs, called CFT1 and CFT2. They are (a) partially entangling and (b) partially
swapping, of the two CFTs.
The former (a) partially entangling, is defined as the simplest local projection described
by gluing an interval P with length 2q in CFT1 and an interval P
′ with the same size
in CFT2. This procedure and its Euclidean path-integral with a UV regularization are
sketched in the left half of Fig.6. Equally this is obtained by attaching a pair of the sheet
with two slits shown in Fig.2. This projection P is explicitly written as
Pe =
∏
x∈P
(∑
nx
|nx〉1|nx〉2
)(∑
mx
〈mx|1〈mx|2
)
⊗
∏
x∈P c
(
I1x ⊗ I2x
)
, (3.50)
where |nx〉 and |mx〉 denote arbitrary states in the 2d CFT; Ix is the identity operator;
P c is the complement of the region P . This corresponds to a projection onto a maximally
entangled state (i.e. analogue of EPR state) between the two CFTs on the interval P .
We can insert the real time evolution by a small period p and UV regularization, which
leads to the same expression of total quantum state (2.9). Note that this procedure also
introduce some minor entanglement between P c in CFT1 and that in CFT2 at the same
time.
Another interesting operation for the identical two CFTs is (b) partially swapping.
This is defined as a swapping of the two intervals P and P ′ as depicted in the right half
of Fig.6. At time t = 0 we cut out the intervals P in CFT1 and P
′ in CFT2 and glue
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them again by exchanging them. This is described by the operation :
∏
x∈P
(∑
nx,mx
|nx〉1|mx〉2〈mx|1〈nx|2
)
⊗
∏
x∈P c
(
I1x ⊗ I2x
)
. (3.51)
These two quantum operations have simple descriptions in the Euclidean path-integral
description as also shown in Fig.6. We first prepare the vacuum states of the two identical
CFTs by path-integrals from the past infinity of the Euclidean time tE = −∞. In the
case of (a) partial entangling of the two CFTs, we glue them with each other along the
intervals P and P ′ at tE = −p. Soon after that we open up new two sheets just above
this and propagates by a period p. This defines the wave function of total quantum
state e−pHPe|Ψ0〉 at tE = 0. On the other hand, in the case of (b) partial swapping, we
exchange the intervals P and P ′ at tE = −p. After that we perform the Euclidean time
evolution until tE = 0 to obtain the regularized wave function.
It is useful to note that the topology of the Euclidean path-integral for the whole time
−∞ < tE < ∞ is given by a torus in both cases as is clear from Fig.6. Since we are
working on CFTs, an important quantity is the period τ = τ1 + iτ2 of this torus (τ1 is
vanishing in all of examples in this paper).
If we assume τ2  1 i.e. high temperature limit, the thermal entropy for a CFT on
a circle is given by the universal formula S = pic
3
τ2. By the conformal map we explained,
this entropy coincides with the entanglement entropy S1 when we trace out the whole
CFT2. In the AdS/CFT setup which we will study in the next section, we find
S1 =
pic
3
τ2 (τ2 > 1),
S1 = 0 (τ2 < 1), (3.52)
where the former is computed as the entropy of BTZ black hole. Note that when τ1 = 0,
τ2 is given by the ratio of lengths of two cycles Cx and Cy of the torus as
τ2 =
|Cy|
|Cx| . (3.53)
In the appendix B, we presented a toy analogous examples which allow much simple
analytical calculations, where we replaced the two slit with two disks.
3.1 Case (a): Partial Entangling of Two CFTs
In the case of partial entangling of the two identical CFTs, we need to glue the upper
edge (and lower one) of a slit in the first sheet to the upper one (and lower one) of a cut
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Figure 6: The description of the partial entangling of two CFTs (left) and partial swapping
between two CFTs (right).
in the second sheet.7 We can employ the explicit conformal map between the two slit
geometry and annulus (2.10). The two sheet are now mapped into two annuli with the
same size and we simply need to glue the two boundary circles in each annulus with those
in the other annulus to obtain the torus.
The period τ2 =
|Cy |
|Cx| =
1
2s
(note τ1 = 0) can be found from an analysis of (2.14) and
we plotted in Fig.7. When q  p, we find from (2.19) that the period of the torus is
estimated by
τ2 =
1
2s
' q
2p
. (3.54)
Finally, the entanglement entropy between CFT1 and CFT2 can be obtained from (3.52)
as follows:
S1 ' pic
6
· q
p
, (q  p). (3.55)
This behavior matches with our expectation. After the partial entangling along the in-
terval P , we expect that the state becomes maximally entangled on P . Since the length
is given by 2q and the UV cut off (or lattice spacing of entangled pairs) is given by p, we
naturally obtain the above estimation, which is extensive.
7Though this geometry is topologically a torus, we cannot describe it by the curve (3.56), which will be
used to describe the case (b). If we consider a sheet with two cuts which are both along a line e.g. the real
line, the two different setups (swapping and entangling) are described by the same torus, because we can
simply rotate the sheet by the angle pi along the real axis. However, if we act the SL(2, C) transformation
such that the four points on the real axis are mapped into the four points −ip − q,−ip + q, ip − q,and
ip+ q, the two cuts are mapped into two parts of a radius
√
p2 + q2 circle in an obvious way. Therefore,
the final setup is different from the entangling one, though it is equivalent in the swapping case.
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Figure 7: We showed the plot of entanglement entropy between the two CFTs as a
function of (Euclidean time p )/(projection length q) in the case of partial entangling.
The vertical and horizontal axis correspond to log |τ | = log Cy
Cx
and γ = p/q. The blue
curve describes the behavior of the entanglement entropy, while the red one corresponds
to the approximation (3.54). When the blue curve crosses the real axis, there is a phase
transition and the entropy becomes vanishing for larger values of γ.
3.2 Case (b): Partial Swapping of Two CFTs
To describe the partial swapping, we paste two planes along the two cuts [−ip−q,−ip+q]
and [ip − q, ip + q] (refer to the left picture of Fig.2 for each plane). The lower part of
each cut in the first sheet continues to the upper part of the cut in the second sheet, as
depicted the left picture of Fig.8. This geometry is described by the elliptic curve
y2 = (x− ip− q)(x− ip+ q)(x+ ip− q)(x+ ip+ q). (3.56)
The doubled planes are mapped into a torus with a period τ . We denote two cycles by
Cx and Cy, respectively (see the left picture of Fig.8). The period τ2 of torus is explicitly
evaluated from the ratio (3.53) of the integrals of the holomorphic one form around each
cycle:
|Cx| = 2
p
∫ 1
−1
dz√
(1− z2)(4γ−2 + 1− z2 − 4iγ−1z) ,
|Cy| = 2
q
∫ 1
−1
dz√
(1− z2)(4γ2 + 1− z2 − 4iγz) , (3.57)
where we set γ = p/q. The entanglement entropy is found from (3.52) as follows:
S1 =
pic
3
· |Cy||Cx| , (3.58)
assuming |Cy| > |Cx|. We numerically plotted the ratio in the right picture of Fig.8.
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When the size of the projected region is much larger than the UV cut off scale i.e.
q  p we find the following behavior:8
S1 ' 2c
3
log
(
q
p
)
. (3.59)
Interestingly, this result can be easily understood from the partial swap procedure. Before
the swapping, the interval P with the length 2q is entangled with the other part of CFT1.
After the swap, this entanglement transferred into that between CFT1 and CFT2, leading
to the entanglement entropy SP =
c
3
log q
p
, where we remembered that p represents the
UV cut off. Since there is the same contribution from the interval P ′ in the CFT2, totally
we reproduce (3.59).
At γ = 1 there is a phase transition from the BTZ black hole to the thermal AdS.
Thus the entropy becomes vanishing for γ > 1 in the large c limit of holographic CFTs.
Finally it is intriguing to note that the two types attachments of the two sheets lead
to two different tori and thus lead to the two different behaviors of entropy (3.55) and
(3.59).
4 Holographic Local Projection Measurement
In this section we explain how we construct gravity duals of local projection measurements
explained in section 2 in the AdS3/CFT2 setups. We will study the behavior of entan-
glement entropy. Here we set the UV regularization parameter p, introduced in (2.9), to
be zero for simplicity and focus on the state at t = 0. We will analyze a gravity dual for
non-zero p and its time evolution in the next section.
4.1 Conformal Transformation and AdS3/CFT2
First we start with an Euclidean version of the holographic dual of general conformal map
for AdS3/CFT2 in [28]. Let us start with the Poincare AdS3
ds2 = R2
(
dη2 + 2dξdξ¯
η2
)
, (4.60)
8We can derive this result from the standard expression of elliptic curve y2 = (x−1)(x+1)(x−u), (we
use the notation of [27]), because we can map our curve (3.56) into this form by a SL(2, C) transformation.
Note that under this map, the shape of cut is deformed into a circle. However, the geometry does not
depend on the shape of the cut. We find the cross ratio of [−1, 1, u,∞] is given by η = z12z34z13z24 = 2u+1 . On
the other hand, in our example we find η = q
2
p2+q2 Thus we find u = 1 +
2p2
q2 . When u ' 1, the period of
the torus behaves like τ ∼ − ipi log(u− 1) ∼ ipi log 2p
2
q2 . Thus we find the result (3.59).
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Figure 8: The left picture describes the double sheeted geometry and cycles of a torus.
The right plot shows the entanglement entropy between the two CFTs as a function of
(Euclidean time p )/(projection length q) in the case of partial swapping. The vertical
and horizontal axis correspond to Cy
Cx
and γ = p/q. The blue curve for 0 < γ < 1 describes
the behavior of the entanglement entropy. At γ = 1 there is a phase transition and the
entropy becomes vanishing for γ > 1.
where (ξ, ξ¯) corresponds to the coordinate of complex plane at the AdS boundary. This
is dual to the vacuum state of a two dimensional (2d) CFT on R2. Now we would like to
perform the standard conformal map in 2d CFT (or holomorphic map): ξ → w as follows
ξ = f(w), ξ¯ = f¯(w¯). (4.61)
In the bulk AdS, this is extended to the following coordinate transformation:
ξ = f(w)− 2z
2(f ′)2f¯ ′′
8(f ′)(f¯ ′) + z2f ′′f¯ ′′
,
ξ¯ = f¯(w¯)− 2z
2(f¯ ′)2f ′′
8(f ′)(f¯ ′) + z2f ′′f¯ ′′
,
η =
8z(f ′f¯ ′)3/2
8(f ′)(f¯ ′) + z2f ′′f¯ ′′
. (4.62)
By this coordinate transformation, the Poincare AdS metric (4.60) is mapped into
ds2 = R2
(
L(w)dw2 + L¯(w¯)dw¯2 +
(
2
z2
+
z2
2
L(w)L¯(w¯)
)
dwdw¯ +
dz2
z2
)
. (4.63)
Here we defined
L(w) =
3(f ′′)2 − 2f ′f ′′′
4(f ′)2
, (4.64)
which is proportional to the energy momentum tensor (2.4) induced by the conformal
anomaly (i.e. the Schwarzian derivative terms). Note that in the AdS boundary limit
20
z → 0, the boundary metric becomes flat ds2 ' 2R2
z2
dwdw¯. Moreover, if we want to
consider a Lorentzian metric, we can simply set (w, w¯)→ (w+, w−).
For example, if we perform the conformal transformation f(w) = e2iβw, the bulk
coordinate transformation is given by
ξ = e2iβw ·
(
2− z2β2
2 + z2β2
)
,
η = eiβ(w−w¯) ·
(
4βz
2 + β2z2
)
. (4.65)
We find L(w) = −β2 and the final metric (4.63) looks like
ds2 =
R2
z2
[
dz2 +
(
1− β
2
2
z2
)2
dx2 +
(
1 +
β2
2
z2
)2
dy2
]
, (4.66)
where w = x+iy√
2
. For a smooth geometry we need to require the periodicity x ∼ x+ pi
√
2
β
.
If we regard x as an Euclidean time, this metric describes the BTZ black hole [29], which
is topologically a solid torus. The boundary of this geometry describes a torus and the
two independent cycles can be chosen to be
Cx : x ∈
[
− pi√
2β
,
pi√
2β
]
, Cy : y ∈ [0, |Cy|] . (4.67)
Note that the cycle Cx is contractible in the solid torus geometry (4.66), while Cy is
not, representing the black hole horizon. This black hole solution is thermodynamically
favored when |Cy| > |Cx|. When |Cy| < |Cx| the thermal AdS solution is favored which
is obtained from (4.66) by a simple renaming (x, y)→ (y, x) of the torus coordinates.
4.2 Holographic Dual of Local Projection Measurement
Consider an Euclidean 2d CFT on R2: ds2 = 2dwdw¯ with the coordinate (w, w¯) =(
(x+ iy)/
√
2, (x− iy)/√2). The region P is defined by the interval −q ≤ x ≤ q and
at t = 0 we do the local projection measurement for all points in P . As we explained
in section two, we can employ the Euclidean path-integral formulation and construct the
state at t = 0 by imposing a BCFT boundary condition around the slit P .
A holographic dual of such a BCFT can be found by using the prescription of AdS/BCFT
[30] (refer to Fig.9), which gives a bottom up model for such problems. An upshot is that
we can construct the gravity dual by extending the boundary in a holographic CFT toward
the three dimensional bulk such that this extended two dimensional surface Q satisfies
the following condition:
Kab −Khab + Thab = 0, (4.68)
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Figure 9: The setup of AdS/BCFT and its conformal transformation into a half of
Poincare AdS.
where hab and Kab are the induced metric and the extrinsic curvature of the surface Q;
K is the trace of Kab. The parameter T corresponds to the tension when we regard Q
as a brane. For example, the quantity called boundary entropy [21] is a monotonically
increasing function of T . In this paper, we simply set T = 0, for which the surface Q
becomes a totally geodesic surface.
Note that the condition (4.68) does not have solutions in general if we ignore the back-
reaction by the surface Q and thus we need to solve again the Einstein equation with the
boundary condition (4.68) as explicitly done in [31] in a concrete example. However, in
our three dimensional pure gravity, we know that all solutions to Einstein equation with
a negative cosmological constant is locally given by a pure AdS3. Indeed we can employ
the coordinate transformation (4.62) to map a generic solution into the Poincare AdS3.
For our problem, let us perform the conformal map (2.3), sketched in Fig.1. This
transformation maps a plane with the cut along P into an upper half-plane. Therefore we
can easily identify a gravity dual of the latter i.e. a BCFT defined on an upper half-plane
using the known result in [30] (refer to Fig.9). This gravity solution is given by a half of
Poincare AdS3 defined by the metric (4.60) with the restriction Imξ > 0. The function
L(w) in this metric is found to be L(w) = − 3q2
8(q2/2−w2)2 .
4.3 Computation of Holographic Entanglement Entropy: A Sin-
gle Interval
Now we define the subsystem A to be the interval q ≤ x ≤ q + l and compute the HEE
SA. The conformal map (2.3) maps the CFT geometry into an upper half plane. The two
end points of projected region P : (x, y) = (−q, 0) and (x, y) = (q, 0), are mapped into
ξ = 0 and ξ =∞, respectively. The end point of A given by (x, y) = (q + l, 0) is mapped
to ξ = i
√
2q+l
l
.
The gravity dual is obtained by performing the extension (4.62) of the specific map
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(2.3) to the gravity dual of upper half plane with a BCFT boundary condition at the
boundary. The CFT on upper half place is dual to a half of the Poincare AdS i.e. the
space defined by the metric (4.60) restricted to Im(ξ) > 0. As follows from a standard
calculation [4, 30], the holographic entanglement entropy for the interval A can be found
from the length of geodesic in the Poincare AdS as follows9:
SA =
R
4GN
log
2
√
2(2q+l)
l

, (4.69)
where  is the UV cut off at η = z in the metric (4.60). We can relate  to the UV cut off
of the original space (4.63) by the map (4.62)

a
= |f ′(w)| =
√
2q
l3/2(2q + l)1/2
. (4.70)
This leads to the final expression:
SA =
c
6
log
2(l + 2q)l
aq
, (4.71)
which agrees with the previous CFT result (2.7) up to the finite constant contribution γb.
The finite constant, which is essentially the boundary entropy, is related to the tension T
in (4.68). Note that we set T = 0 in our holographic computations (4.71).
Note that (4.71) is a monotonically decreasing function of q. This agrees with our
expectation that the local projection reduces quantum entanglement and this effect gets
larger when the size of projected region P is large. The smallest size limit of the projected
region P corresponds to q ∼ a. Then we reproduce the familiar result SP = c3 log la [32].
Now we calculate SA when A is a general interval defined by q + l1 ≤ x ≤ q + l2. We
expect some phase transition depending on the value of l1 and l2.
In fact, SA has two phases in the
l1
2q
– l2−l2
2q
plane (Figure 10) : the phase where the
minimal surface is connected between the edges of the interval A (Phase-1) and the phase
where the minimal surface consists of two disconnected geodesics which end on the bulk
boundary Imξ = 0 (Phase-2). Refer to the left picture of Fig.11.
9As same as the CFT part (in Fig.1), we set ξ = (ξ1 + iξ2)/
√
2. In this convention, the end point of
A is mapped to (ξ1, ξ2) = (0,
√
2(2q + l)/l).
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We find the following expressions of SA:
SA(1) =
c
6
log
2
(√
2q+l1
l1
−
√
2q+l2
l2
)2
12
=
c
6
log
2(2q + l1)l1
aq
2(2q + l2)l2
aq
(√
2q+l1
l1
−
√
2q+l2
l2
)2
4
√
2q+l1
l1
√
2q+l2
l2
 , (4.72)
in the Phase-1 and
SA(2) =
c
6
log
2
√
2(2q+l1)
l1
1
2
√
2(2q+l2)
l2
2
=
c
6
log
[
2(2q + l1)l1
aq
2(2q + l2)l2
aq
]
, (4.73)
in the Phase-2. According to the basic rule of holographic entanglement entropy [4, 5],
we always choose the smaller value from SA(1) and SA(2). This leads to
SA = min[SA(1), SA(2)]
=

SA(1)
(
l1
2q (1+
l1
2q )
α− l1
2q
> l2−l1
2q
> 0, α > l1
2q
> 0
)
,
(
l2−l1
2q
> 0, l1
2q
≥ α > 0
)
SA(2)
(
l2−l1
2q
>
l1
2q (1+
l1
2q )
α− l1
2q
> 0, α > l1
2q
> 0
) (4.74)
where α is a positive constant: α = −4+3
√
2
8
. The phase diagram of SA in the
l1
2q
– l2−l2
2q
plane are plotted in Figure 10. As mentioned before, SA has two phases and at the
transition point it has a kink as in the right graph of Fig.11. Finally we would like to
mention that in our holographic computation, we assumed T = 0 in (4.68). If we choose
other values of T , the phase boundary should change.
We can generalize our analysis to multi-intervals. Refer to appendix C for the analysis
in the case of two symmetric intervals.
4.4 Towards New Multi-Partite Entanglement Measure
The entanglement entropy SA measures the amount of bipartite (=two body) quantum
entanglememt between A and B when the combined system AB is a pure state. As a
next step, it is very intriguing to explore a measure of tri-partite (=three body) quantum
entanglement between A, B and C assuming that the system ABC is pure. For recent
discussions of tri-partite entanglement in the light of holography refer to [33, 34, 9, 10].
Note that the tripartite mutual information defined by I(A : B : C) = SA + SB +
SC − SAB − SBC − SCA + SABC [35] is simply vanishing in this setup, because SABC = 0,
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Figure 10: The phase diagrams of the HEE SA. The horizontal and vertical coordinate
correspond to l1
2q
and l2−l1
2q
(zooming out from the left picture to the right picture). In the
(tiny) blue region, SA(1) > SA(2) and thus the disconnected solution is chosen. In the
(huge) orange region, the situation is opposite.
Phase-1 Phase-2
P P
A A
Q Q 0.00 0.02 0.04 0.06 0.08 0.102.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
Figure 11: The left picture sketches two phases of the geodesics responsible to the holo-
graphic entanglement entropy. The right plot shows the HEE SA as the function of
l1
2q
with the different values of l2−l1
2q
. SA has a kink when the configurations of the minimal
surfaces change. (In this plot, we set the UV cutoff a
2q
= 0.0001.)
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SA = SBC , etc. Since the number of independent values of entanglement entropy, which
is three, coincides with that of two body entanglement in this system, it is clear that we
cannot estimate any tripartite entanglement from them. However, this may change if we
take into account projection measurements.10 For example, let us introduce the following
new quantity:
δBA = 2(SA − SΠBA )− I(A : B), (4.75)
where I(A : B) = SA+SB−SAB is the mutual information. The quantity SΠBA denotes the
entanglement entropy for A when we perform a projection measurement of B. Especially
it is natural to take the minimum value when we allow any projection to any state in
B. We would like to argue that δBA can probe tripartite (or more generally multi-partite)
entanglement.
First assume there is only bipartite entanglement in our three body system ABC.
We write the amount of the entanglement between A and B as eAB etc. In this case we
obtain I(A : B) = 2eAB. S
ΠB
A becomes minimum when the projection ΠB removes all
entanglement between A and B. Thus we find SΠBA = eAC . In this way we obtain
δBA = 0, (4.76)
for two body entanglement.
On the other hand, if we consider a GHZ state 1√
2
(|000〉+ |111〉) for three qubit
system, which is known as a state with maximum tripartite entanglement, we find the
non-trivial result:
δBA = log 2. (4.77)
These suggest that δBA can probe the tripartite entanglement. However notice that this
quantity is not always positive definite as we will see below and is not a standard measure.
Now let us estimate this quantity δBA when A and B are finite size intervals in a two
dimensional CFT by using the results in section 4.3 (we replace the interval P with B).
It is natural to choose the projection ΠB to be a local projection measurement. SAB can
be computed as the entanglement entropy for two intervals as follows:
SAB =min[SAB(1), SAB(2)]
=

SAB(1)
(
l1
2q (1+
l1
2q )
1− l1
2q
> l2−l1
2q
> 0, 1 > l1
2q
> 0
)
,
(
l2−l1
2q
> 0, l1
2q
≥ 1
)
SAB(2)
(
l2−l1
2q
>
l1
2q (1+
l1
2q )
1− l1
2q
> 0, 1 > l1
2q
> 0
) (4.78)
10Projection measurements are employed to define a quantity called quantum discord [36], which is
considered to be a measure of two body entanglement even in mixed states.
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where
SAB(1) =
c
3
log
2q(l2 − l1)
a2
, (4.79)
SAB(2) =
c
3
log
l1(2q + l2)
a2
. (4.80)
Note that SAB(1) corresponds to the disconnected phase and SAB(2) to the connected
phase.
Now our quantity δBA (4.75) is expressed as follows:
δBA = SAB(1)− 2SB + min[SAB(1), SAB(2)]− 2 ·min[SA(1), SA(2)], (4.81)
where SB is given by the familiar formula [32]
SB =
c
3
log
2q
a
. (4.82)
Also SAB(1, 2) and SA(1, 2) are defined in (4.79), (4.80), (4.72) and (4.73).
More explicitly, we have
δAB =
SAB(1)− 2SB + SAB(2)− 2SA(2) = − c3 log 16(2q+l1)l22q(l2−l1)(
0 < l1
2q
< α, l2−l1
2q
>
l1
2q (1+
l1
2q )
α− l1
2q
)
SAB(1)− 2SB + SAB(2)− 2SA(1) = − c3 log 16(2q+l1)l22q(l2−l1)
(√
2q+l1
l1
−
√
2q+l2
l2
)2
4
√
2q+l1
l1
√
2q+l2
l2(
0 < l1
2q
< α,
l1
2q (1+
l1
2q )
1− l1
2q
< l2−l1
2q
<
l1
2q (1+
l1
2q )
α− l1
2q
)
,
(
α ≤ l1
2q
< 1 ,
l1
2q (1+
l1
2q )
1− l1
2q
< l2−l1
2q
)
2(SAB(1)− SB − SA(1)) = − c3 log 16(2q+l1)l1(2q+l2)l2(2q(l2−l1))2
(√
2q+l1
l1
−
√
2q+l2
l2
)2
4
√
2q+l1
l1
√
2q+l2
l2(
0 < l1
2q
< 1, l2−l1
2q
<
l1
2q (1+
l1
2q )
1− l1
2q
)
,
(
1 ≤ l1
2q
, 0 < l2−l1
2q
)
(4.83)
This behavior is plotted in Fig.12.
We find that δAB approaches to 0 in the large separation limit (
l1
2q
→ ∞ with fixed
l2−l1
2q
).
δAB →
c
48
(
l2 − l1
2q
)2(
2q
l1
)4
+ · · · ∼ 0
(
l1
2q
→ +∞
)
. (4.84)
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Figure 12: The plot of δAB as the function of
l1
2q
( l2−l1
2q
= 0.2, c = 1). In general, δAB
has 2 kinks, decreases slightly from the finite negative value ∼ −4
3
log 2 ∼ −0.924, then
increases to the small positive value (∼ 0.010) and finally approaches to 0.
On the other hands, δAB approaches to an finite value in the small separation limit (
l1
2q
→ +0
with fixed l2−l1
2q
).
δAB → −
4c
3
log 2
(
l1
2q
→ +0 with fixed l2 − l1
2q
)
. (4.85)
In contrast, the mutual information I(A : B), which measures two body entanglement,
diverges in the small separation limit.11
Note that in our holographic computations we always set the tension parameter T in
(4.68) to zero. However, since we are interested in a local projection which minimize SΠBA
we need to take a smallest possible value of T , which is related to the smallest value of
boundary entropy as found in [30] and thus depends on the details of holographic CFT.
This gives a positive constant shift to δAB if the phase includes any disconnected geodesic
(which ends on Q). This leads to a positive contribution to (4.85) but does not change
(4.84). In this way we find that when A and B are closed to each other, the small l1
2q
behaviour of δAB (4.83) can detect tripartite entanglement.
4.5 Local Projection Measurements at Finite Temperature
Here we would like to study quantum entanglement when we perform a local projection
measurement in a 2d CFT at finite temperature. We apply our holographic method
to compute the holographic entanglement entropy. We can describe a CFT at finite
temperature as a pure state (called thermo field double) |TFD〉 in doubled CFTs (called
11 This difference in the small separation limit seems to be true only for two dimensional QFTs which
have one spatial direction. In two dimension, only two subsystems can be attached together at a same
point. This suggests that the amount of tripartite entanglement (or multi-partite entanglement) is finite
in two dimension. However, in higher dimension, it can diverge in the small separation limit because any
number of subsystems can be attached together at a same point.
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CFT1 and CFT2):
|TFD〉 =
∑
n
e−
βH
2
En|n〉1|n〉2, (4.86)
where |n〉1,2 denote complete energy eigenstates H|n〉 = En|n〉 in CFT1 and CFT2. The
parameter βH is the inverse temperature and is the same as that of the dual BTZ black
hole [3]. If we trace out CFT2, we get the density matrix at finite temperature for CFT1.
In the Euclidean path-integral description, we take the complex coordinate (w, w¯) with
w = (x + iτ)/
√
2, −∞ < x < ∞ and τ ∼ τ + iβH . We take the projected region to be
τ = 0 and −q ≤ x ≤ q. Note that in this description, the CFT1 and CFT2 of the state
(4.86) live at τ = 0 and τ = iβH
2
, respectively.
When we define the two end points of the subsystem A to be w = w1 and w = w2, the
entanglement entropy is given by
SA = − lim
n→1
∂
∂n
ln〈σn(w1, w¯1)σ¯n(w2, w¯2)〉 (4.87)
where σn is the twist operator with conformal weight
cn
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(1− 1
n2
) and c is the central charge.
We apply the conformal map,
ξ(w) =
√√√√sinh piβH (q/√2 + w)
sinh pi
βH
(q/
√
2− w) .
(4.88)
This maps the cylinder with one slit P into an upper half plane. Finally the holographic
entanglement entropy becomes
SA =
c
6
min
[
ln
(|ξ1| − |ξ2|)2
12
, ln
4|ξ1||ξ2|
12
]
(4.89)
where we assumed ξ1 and ξ2 are pure imaginary because τ = 0 and τ =
iβH
2
are mapped
into the imaginary axis in the ξ plane. c
6
ln (|ξ1|−|ξ2|)
2
a2
and c
6
ln 4|ξ1||ξ2|
a2
correspond to the
connected geodesics and the disconnected geodesics. From (4.88) and (4.89), we obtain
the entanglement entropy as
SA =
c
6
ln 2βH |ξ1|
pi
∣∣∣sinh piβH (q − w1)∣∣∣2
sinh 2qpi
βH
+ ln
2βH |ξ2|
pi
∣∣∣sinh piβH (q − w2)∣∣∣2
sinh 2qpi
βH
+min
[
ln
(|ξ1| − |ξ2|)2
a2
, ln
4|ξ1||ξ2|
a2
]]
.
(4.90)
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Figure 13: We plotted ∆SA as a function of
pil1
βH
, where l2 = l1 + l. We normalized the
total value by choosing the central charge c = 6 and assume the length parameters to be
piq
βH
= pil
βH
= 1. The blue curve corresponds to the HEE of disconnected geodesics and the
red one corresponds to the HEE of connected geodesics. There is a phase transition.
4.5.1 A Single Interval in CFT1 (τ = 0)
First we take the two end points of the subsystem A to be in CFT1: w1 = q + l1 and
w2 = q + l2, where l2 > l1. From (4.90), we obtain
SA =
c
6
ln 2βH |ξ1|
pi
∣∣∣sinh piβH l1∣∣∣2
sinh 2qpi
βH
+ ln
2βH |ξ2|
pi
∣∣∣sinh piβH l2∣∣∣2
sinh 2qpi
βH
+min
[
ln
(|ξ1| − |ξ2|)2
a2
, ln
4|ξ1||ξ2|
a2
]]
,
(4.91)
where
|ξ1,2| =
√
sinh pi
βH
(2q + l1,2)
sinh pi
βH
l1,2
. (4.92)
When q/βH → 0, SA becomes the entanglement entropy at finite temperature β−1H [20],
S
(0)
A ≡ lim
q/βH→0
SA =
c
3
ln
(
βH
pia
sinh
pi
βH
(l2 − l1)
)
. (4.93)
We plot ∆SA ≡ SA−S0A in Fig.13. We observe that the entanglement entropy is reduced
as the interval A gets closer to P as expected.
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Figure 14: In the left figure, we plotted ∆SA as a function of
piq
βH
, for x1 = −q, x2 = q.
∆SA is a linearly decreasing function of
piq
βH
when piq
βH
is large. In the right figure, we plotted
∆SA as a function of
pix
βH
where x2 = −x1 = x for piqβH = 1. In this case, ∆SA approaches
a constant value when pix
βH
is large. We normalized the total value by choosing the central
charge c = 6. The blue curves correspond to the HEE of disconnected geodesics and the
red ones correspond to the HEE of connected geodesics. There are phase transitions.
4.5.2 A Single Interval in CFT2 (τ =
iβH
2
)
Next we take the two end points of the subsystem A to be in CFT2: w1 = x1 +
iβH
2
and
w2 = x2 +
iβH
2
, where x1 < x2. From (4.90), we obtain
SA =
c
6
ln 2βH |ξ1|
pi
∣∣∣cosh piβH (q − x1)∣∣∣2
sinh 2qpi
βH
+ ln
2βH |ξ2|
pi
∣∣∣cosh piβH (q − x2)∣∣∣2
sinh 2qpi
βH
+min
[
ln
(|ξ1| − |ξ2|)2
a2
, ln
4|ξ1||ξ2|
a2
]]
,
(4.94)
where
|ξ1,2| =
√
cosh pi
βH
(q + x1,2)
cosh pi
βH
(q − x1,2) .
(4.95)
We find limq→0 SA = S0A =
c
3
ln
(
βH
pia
sinh pi
βH
(x2 − x1)
)
. We plot ∆SA ≡ SA−S0A in Fig.14.
We can observe that the entanglement between CFT1 and CFT2 is locally reduced by the
projection on the region P in CFT1. This amount of reduction can be estimated by the
saturated value in the right graph of Fig.14.
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5 Evolution of Holographic Entanglement Entropy
after Local Projections and Partial Entangling
In this section, we introduce the UV cut off i.e. the parameter p in (2.9) in the holographic
description and analyze time evolutions of gravity duals of both (i) partial projection
measurement (introduced in section 2) and (ii) partial entangling of two identical CFTs
(introduced in section 3.1).12
5.1 Holographic Description with UV Cut Off
Let us start with a gravity dual of (i) partial projection measurement. In the Euclidean
path-integral formalism, we can introduce the UV cut off p by considering the two slit
geometry (see Fig.2). This can be conformally mapped into a cylinder or annulus by the
map (2.10) and (2.20) as in Fig.3. Its dual geometry depends on the moduli ρ = e−2pis of
the annulus, which is related to the ratio q/p (refer to Fig.4) as follows:
BTZ BH phase : q/p > 1, (5.96)
Thermal AdS Phase : q/p < 1. (5.97)
In the former phase, the dual metric in the coordinate (w, w¯) is given by (4.66) by
restricting the range of x as
− pi√
2β
< x < 0. (5.98)
Note also that y is periodic as y ∼ y+2pi. The parameter β is given in terms of the moduli
parameter s by the relation (2.23). From the range (5.98), we find that the holographic
geometry is given by a half of solid torus.
In the latter phase, the dual metric in the same coordinate is obtained from (4.66) by
exchanging x and y with the identification β =
√
2s.
Below we focus on the former phase (5.96) because we interpret the parameter p as
a UV cut off and therefore we are interested in the region q  p. By applying the
holographic transformation (4.62) to the conformal map (2.22), we find that the dual
metric simply takes the form of Poincare AdS3 (4.60) in the coordinate (ξ, ξ¯, η). However
we need to remember the restriction of x and the periodicity of y as shown in (2.21). The
identification y ∼ y + 2pi is equivalent to the identification: (η, ξ, ξ¯) ∼ e2
√
2piβ(η, ξ, ξ¯). In
12We can also treat the partial swapping of two CFTs introduced in section 3.2 as it is again conformally
equivalent to a torus, though we will not study this in detail.
32
this way, we find that the gravity dual is described by a part of Poincare AdS restricted
to the region:
1 ≤
√
η2
2
+ |ξ|2 ≤ e2
√
2piβ, (5.99)
with the two half sphere boundaries identified.
Now we move onto to a gravity dual of (ii) partial entangling of two identical CFTs.
As in the left picture in Fig.6, we glue two planes with two slits together. After the
conformal transformation (2.10) into the annulus, we perform the map ζ = ρe
√
2w instead
of (2.20). This leads to the range 0 < x < pi√
2β
and together with (5.98), the total
geometry describes a torus with the period
τ2 =
|Cy|
|Cx| =
√
2β =
1
2s
. (5.100)
Therefore its gravity dual is given by the BTZ black hole (4.66) for τ2 > 1. On the other
hand for τ2 < 1, it becomes the thermal AdS, obtained from (4.66) with x and y exchanged.
In the former phase, the Bekenstein-Hawking area law formula computes the black hole
entropy of the BTZ black hole and this is clearly identified with the entanglement entropy
S1 when we trace out the whole of one of the two CFTs. This leads to the formula (3.58)
as we find
S1 =
Horizon Length
4GN
=
piR
GN
· β√
2
=
pic
3
· |Cy||Cx| , (5.101)
where we employed the well-known relation R
GN
= 2c
3
[37].
The latter phase τ2 < 1, on the other hand, has no black hole entropy and thus S1 = 0.
This is because due to the large spectrum gap in holographic CFTs, the order one energy
cut off removes the large part of degrees of freedom of order c. Since we are interested in
the high energetic limit of UV cut off p q, we concentrate on the former phase τ2 > 1
below.
5.2 Time evolution of Holographic Entanglement Entropy
Now we would like to compute the holographic entanglement entropy (HEE) SA for an
interval A defined as X ∈ [X1, X2] in the coordinate (X, X¯) which describes the two
slit geometry. We would like to discuss the two different setups: (i) local projection
measurement of a single CFT and (ii) partial entangling of two CFTs, at the same time
as the computations are similar. In the latter case (ii), we take the interval A in one of
the two CFTs and trace out all other parts. To compute the holographic entanglement
entropy in both cases, we need to pick up the relevant geodesics and compute the shortest
length [4, 5].
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Figure 15: The computations of holographic entanglement entropy in a half of BTZ
black hole geometry. In the case of gravity dual of a single CFT with the projection
measurement along P , the geodesic can end on the boundary, which is on the horizon in
our example. In the case of gravity dual of doubles CFTs pasted with each other along
P , only connected geodesics are allowed.
In the black hole phase τ2 > 1, the gravity dual of (i) local projection measurement is
given by cutting a solid torus (= Euclidean BTZ geometry (4.66)) into a half as explained
in the previous subsection. This space is sketched in Fig.15. The boundary of this three
dimensional geometry is given by an union of an annulus (described by the coordinate
ζ) where the CFT is defined, and another annulus Q, which extends in the bulk at the
bottom of the picture. Therefore, following the AdS/BCFT prescription [30], we need to
choose the shortest one among connected or disconnected geodesics. The disconnected
one is possible because the geodesic can end on the new boundary Q at the bottom.
On the other hand, if we consider the gravity dual of (ii) partial entangling of two
CFTs, we allow only connected geodesics in the solid torus geometry (4.66). Since the
calculation of the connected geodesic length is the same as that in the case (i), we will
present results together below.
First we compute the length of connected geodesic. For this, it is useful to map the
two slit geometry in the X coordinate into the Poincare AdS metric in the coordinate
(ξ, ξ¯, η). In this coordinate, the holographic entanglement entropy is computed from the
geodesic distance as follows:
SA =
c
6
log
(ξ1 − ξ2)(ξ¯1 − ξ¯2)
12
, (5.102)
where ξ1 and ξ2 are the two end points corresponds to X = X1 and X = X2. The UV
cut off η = 1,2 should respect the original UV cut off z = a in the X coordinate.
The point X on the real axis is mapped into the point on the cirle |ζ| = √ρ by the
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map (2.10). We set p = 1/2 in this section. More explicitly, we find the relation (we
choose 0 ≤ ν, ν¯ < 1)
X
(
ζ =
√
ρe2piiν
)
= i
(
K(e2piiν) +K(ρe2piiν)− 1
2
)
− t,
X¯
(
ζ =
√
ρe−2piiν¯
)
= −i
(
K(e−2piiν¯) +K(ρe−2piiν¯)− 1
2
)
+ t. (5.103)
Even though ν and ν¯ are both real, they are not the same when t 6= 0. This is due to our
analytical continuation of Euclidean time into Lorentzian one.
It is helpful to rewrite K function as follows (remember s = − log ρ
2pi
, refer to our theta-
function convention in appendix A)
K(e2piiν) =
1
2
+
1
2pii
∂νθ1(ν|2is)
θ1(ν|2is) ,
K(ρe2piiν) =
1
2
+
1
2pii
∂ν˜θ1(ν˜|2is)
θ1(ν˜|2is) , (5.104)
where we defined ν˜ = ν + is.
The final map into ξ coordinate is given by
ξ = (−i) · e2piβ
√
2ν , ξ¯ = i · e2piβ
√
2ν¯ . (5.105)
The relation between the cut off  in the Poincare coordinate and the original one a
is found as

a
=
√
dξ
dX
dξ¯
dX¯
= 2pi
√
2β · epi
√
2β(ν+ν¯) ·
(
dX
dν
dX¯
dν¯
)−1/2
. (5.106)
We plotted results of the connected geodesic in Fig.16 and Fig.17 as blue graphs.
To calculate the disconnected geodesic, it is easier to work with the BTZ black hole
(4.66) in the w coordinate. If we trust the Euclidean geometry, which is correct at t = 0,
each geodesic from a boundary point ends at the horizon and thus the total length for an
interval A = [X1, X2] is computed as
Length =
∫ √2/β
δ1
dz
z
+
∫ √2/β
δ2
dz
z
= log
[
2
β2δ1δ2
]
, (5.107)
where δ1,2 are the UV cut off in the metric (4.66). The relation between  and δ can be
found from the form of map (2.22) as

δ
= 2βe
√
2piβ(ν+ν¯). (5.108)
35
By combining this with (5.106), we can calculate the holographic entanglement entropy
for disconnected geodesics.
However, if we consider the real time evolution t > 0, then we need to consider space-
like geodesic in the Lorentzian spacetime so that it ends on a point on the boundary inside
the bulk, which is Lorentzian continuation of Q. We choose this point by extremizing the
length of geodesic. Since our holographic spacetime is described by the Lorentzian version
of BTZ black hole (4.66), setting x = iτ , the identification of such geodesic can be done
in the same way as done for the holographic quantum quenches [38]. In the end, we find
Length(t) = log
[
cosh(
√
2βτ1)
]
+ log
[
cosh(
√
2βτ2)
]
+ log
[
2
β2δ1δ2
]
, (5.109)
where τ1 and τ2 are given by τi = pi(νi − ν˜i) for i = 1, 2; νi and ν¯i are evaluated at the
two end points of the two geodesics at the AdS boundary. Final results of disconnected
geodesics are plotted as red graphs in Fig.16.
The left graph of Fig.16 shows the increased amount of entanglement entropy as a
function of the location of a fixed length interval at t = 0 when ρ = 0.6, corresponding to
q ' 5.3. The blue and red curve correspond to the connected and disconnected geodesic.
The latter, which is only allowed in the case (i) projection measurement, takes negative
values near the origin. This is because due to the projection measurement removes large
part of vacuum entanglement in this region. Since we always need to pick up the smaller
contribution among the disconnected and connected geodesic length, near the origin the
disconnected one is favored. However, if we instead consider the setup of (ii) partial
entangling of two CFTs, only connected one is allowed. In this case, the peak near
the origin is clearly understood because the entangled pairs are expected to be localized
around |x| ≤ l.
The right graph of Fig.16 shows the time evolution forA give by the interval [−1/2, 1/2].
In the case (i) we observe the initial growth under the time evolution of the red curve
(disconnected geodesic). This is common to the global quantum quenches [39]. It gets
saturated to a thermal value until t ' q(' 5.3) and after that it goes to zero. This is
because the created entangled pairs all go out of the subsystem A for t > q. In the case
(ii), we start with a positive entanglement due to the partial entangling and it suddenly
vanishes at t ' q due to the same reason as that for (i).
Now let us focus on (ii) partial entangling of two CFTs and study the time evolution
in more detail. This is plotted in the graphs of Fig.17. Both graphs shows linear growth,
saturations and linear decrease. This is clearly explained if we remember that at t = 0
we created entangled pairs in the region P homogeneously and that they will propagate
in the left and right direction at the speed of light. Indeed, the maximum value of ∆SA
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Figure 16: In the left picture, we showed ∆SA as a function of x for the interval subsystem
A defined by [x− 0.5, x+ 0.5], related to the connected geodesic. We chose ρ = 0.6. The
blue and red graph correspond to the result from the connected and disconnected geodesic.
In the right picture we plotted ∆SA as a function of time t when we defined A to be the
interval [−0.5, 0.5]. In the case of entangled two CFTs, we always choose the blue curve
(connected geodesic). On the other hand, in the case of local projection measurement of
a single CFT, we choose the smaller value among the blue and red curve at each point,
where we observe the phase transition behavior at the point they intersect.
in the second graph is very close to a half of entanglement entropy between two CFTs,
which is explicitly computed as S1/2 ' 19.3 from the formula (3.52).
It will also be interesting to study the time evolution when the subsystem A is given
by a semi-infinite line. We choose the subsystem A to be an interval [0, L] and we assume
the late time and large size limit: L  t  1 (remember that we set p = 1/2). In this
limit we find
ν1 ' 1
2pit
, ν˜1 ' 1− 1
2pit
, ν2 ' 1
2pi(t+ L)
, ν˜2 ' 1
2pi(L− t) . (5.110)
Finally, this leads to the following estimation of entanglement entropy
SA(t) ' c
6
log
[√
2t
β
sinh
(√
2piβ
)]
+
c
3
log(L/a). (5.111)
This logarithmic growth ∆SA ∼ c6 log t is the same as that found in locally excited states
[40, 41, 42], which is defined by exciting the CFT vacuum by a primary field at a point
[43]. It is also intriguing to note that in the local quench defined by attaching two semi-
infinite lines, the entanglement entropy grows logarithmically with a doubled coefficient
∆SA ∼ c3 log t [44] (see [45] for its gravity dual).
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Figure 17: The behaviors of holographic entanglement in the setup dual to doubled CFT
defined on the two cut geometry. We chose ρ = 0.6. In the left picture, we showed ∆SA as
a function of time t for the interval subsystem A defined by [20, 30]. In the right picture,
we presented the same plot for the subsystem A [20, 60].
6 Holographic Analogue of Quantum Teleportation
In this section we would like to consider an analogue of quantum teleportation in quantum
field theory and present its holographic realization by employing our holographic local
projections and entangling operations.
6.1 Brief Review of Quantum Teleportation
Let us start with a brief review of quantum teleportation of a single qubit. Assume that
Alice A and Bob B are sharing an EPR state
|EPR〉AB = 1√
2
(|0〉A|0〉B + |1〉A|1〉B) . (6.112)
The physical distance between A and B can be very large. Alice can also access to another
qubit V , whose state is not known to either Alice nor Bob. We express the state of V by
|ψ4〉V = λ1|0〉V + λ2|1〉V , (6.113)
where |λ1|2 + |λ2|2 = 1.
Now Alice wants to send the information of V to Bob by LOCC. For this it is useful
to note the following identity:
|ψ4〉V ⊗ |EPR〉AB = 1
2
4∑
k=1
|Ψk〉V A ⊗ |ψk〉B, (6.114)
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where we defined
|Ψ1〉 = 1√
2
(|0〉|1〉 − |1〉|0〉) ,
|Ψ2〉 = 1√
2
(|0〉|1〉+ |1〉|0〉) ,
|Ψ3〉 = 1√
2
(|0〉|0〉 − |1〉|1〉) ,
|Ψ4〉 = 1√
2
(|0〉|0〉+ |1〉|1〉) , (6.115)
and
|ψ1〉 = λ1|1〉 − λ2|0〉,
|ψ2〉 = λ1|1〉+ λ2|0〉,
|ψ3〉 = λ1|0〉 − λ2|1〉,
|ψ4〉 = λ1|0〉+ λ2|1〉. (6.116)
Note that |Ψk〉 k = 1, 2, 3, 4 are all orthogonal to each other and complete
4∑
k=1
|Ψk〉〈Ψk| = 1. (6.117)
Therefore we can perform a projection measurement for the system V A to distinguish
these four different states. If Alice observes that the state |Ψk〉 is realized, then this result
is reported to Bob via a classical communication. After that Bob can act an unitary
transformation Uk on B to reproduce the original state (6.113) of V as follows
Uk|ψk〉B = |ψ4〉B. (6.118)
It is obvious how to choose Uk as the four states |ψk〉 are linear about λ1 andλ2.
In this way, Alice can teleport the quantum state of V to Bob. This is called quantum
teleportation [13]. Since the classical communication can not exceed the speed of light,
quantum teleportation is consistent with the causality.
It is also straightforward to generalize the above construction for more than two dimen-
sional states [13]. For N dimensional states, we take its basis to be |0〉, |1〉, ···, |N−1〉. The
quantum teleportation can be done as follows: for any state |ψ〉V , we assume a maximally
entangled state of Alice and Bob:
|ψ〉V ⊗ 1√
N
∑
j
|j〉A|j〉B. (6.119)
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We project the above state by the projection |Ψ(n,m)〉V A〈Ψ(n,m)|V A, where
|Ψ(n.m)〉V A = 1√
N
∑
j
e
2piijn
N |j〉V |j +m〉A. (6.120)
Then Alice send the result of measurement given by (n,m) to Bob. Finally Bob perform
the unitary transformation U(n,m) defined by
U(n,m) =
∑
k
e
2piikn
N |k〉〈k +m|, (6.121)
to recover the original state as |ψ〉B.
6.2 QFT Analogue
Now we would like to explore an analogue of quantum teleportation in QFTs.13 To simplify
our description, we focus on two dimensional QFTs. Though our setup is general, we will
focus on two dimensional CFTs soon later for a computational reason.
Consider two identical QFTs, called QFT1 and QFT2, in two dimensions, each defined
on an infinite line. We perform the partial entangling (see the left operation in Fig.6)
so that the two identical intervals A1 in QFT1 and A2 in QFT2 are entangled with each
other. We choose the length of A1 and A2 to be 2p as before. Next we act a primary
operator O(x) localized at x close to the interval A1. Just after this, we perform a local
projection measurement on each point in an interval P which includes both A1 and x.
For a path-integral description of this procedure, refer to the left picture of Fig.18. We
expect we can recover the information of the operator O(x) from the quantum state in
QFT2, which we call an analogue of quantum teleportation in QFTs.
For simplicity of our calculations, we assume that the two QFTs are conformal invari-
ant and choose P to be the total space in QFT1. After the local projection measurement
on P in CFT1, the state is projected to various quantum states |ψ〉1 which have the direct
product structure in real space:
|ψ〉1 =
∏
x∈R
|ψ(x)〉x. (6.122)
A particular example of such a state is given in terms of a boundary state (or so called
Cardy state) |B〉 as follows:
|ψb〉1 = Nb · e−p·H |B〉1, (6.123)
13Refer to [46, 47] for earlier studies of different modelings of quantum teleportation in QFTs.
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Figure 18: The path-integral description of quantum state under our quantum teleporta-
tion in CFT (left) and its conformal transformation into cylinder geometry (right). We
glue the slit A1 and A2 together to realize the partial entangling operation. The projection
measurement corresponds to putting a boundary in CFT1. We assumed the projected re-
gion P in CFT1 is the whole space. If we add the slit Q shown in the above pictures, then
the point x where the operator O(x) is inserted gets disentangled with the other region,
which looks more similar to the original quantum teleportation.
where p is a small parameter which correspond to the UV cut off (i.e. lattice spacing) as
the norm of a boundary state is divergent. The factor Nb is the normalization factor which
guarantees 〈ψb|ψb〉1 = 1. Note that an appropriate boundary state with this regularization
has no real space entanglement if we regard p as the lattice spacing [15]. General quantum
states |ψ〉1 are obtained from (6.123) by acting the local unitary transformations
|ψ〉1 =
(∏
x∈R
Ux
)
· |ψb〉1. (6.124)
All such states |ψ〉1 have vanishing entanglement in real space decomposition and also are
complete basis of all possible quantum states in CFT1.
Our operations are summarized as follows. We start with the maximally entangled
state at the Euclidean time tE = −p by gluing the intervals A1 in CFT1 and A2 in CFT2.
Next we perform an Euclidean time evolution for both CFTs by a small period p as a UV
regularization. Then we project the state in CFT1 by |ψ〉1〈ψ|1. This leads to a pure state
|Ψ〉2 at the same time tE = 0.
Now we can perform the conformal map (2.10) so that the Euclidean path-integral
−∞ < tE < 0 for CFT1 is mapped to a cylinder with the width −12 log ρ and the cir-
cumference 2pi, where ρ is a function of the ratio q/p as depicted in Fig.4. In the same
way, we can map the Euclidean path-integral −∞ < tE < 0 for CFT2 into that on an-
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other cylinder. The gluing of A1 and A2 is realized by attaching the two cylinders along
each circle, leading to a longer cylinder with the width − log ρ. In this way, we end up
with the cylinder depicted as the right picture in Fig.18. The boundary condition at
its bottom is chosen to be the state |ψ〉 obtained by the local projection measurement.
The Euclidean path-integral over the cylinder leads to the state |Ψ〉2, which we wanted
to compute, at its top boundary. Note that the length of the cylinder is estimated as
βH
2
≡ − log ρ ' 2pi p
q
 1 when p/q  1. The insertion of the local operator O(x) is in
the middle of the cylinder. Thus by using this cylinder description, we find the final state
|Ψ〉2 as follows
|Ψ〉2 = NO · e−
βH
4
H ·O(x) · e−βH4 H |ψ〉2. (6.125)
If we consider a linear combination of two operators λ1O1(x) + λ2O2(x) with |λ1|2 +
|λ2|2 = 1, the final state (6.125) is also linear with respect to λ1,2 i.e. we have
|Ψ〉2 = NO · e−
βH
4
H · (λ1O1(x) + λ2O2(x)) · e−
βH
4
H |ψ〉2. (6.126)
if the following conditions are satisfied:
〈ψ|e−βH4 HO†1e−
βH
2
HO1e
−βH
4
H |ψ〉 = 〈ψ|e−βH4 HO†2e−
βH
2
HO2e
−βH
4
H |ψ〉 = (NO)−2,
〈ψ|e−βH4 HO†1e−
βH
2
HO2e
−βH
4
H |ψ〉 = 〈ψ|e−βH4 HO†2e−
βH
2
HO1e
−βH
4
H |ψ〉 = 0. (6.127)
For example, if there is a U(1) global symmetry, we can choose O1 and O2 to be posi-
tive and negative charged operators with appropriate normalizations to satisfy the above
conditions by choosing |ψ〉 to be arbitrary eigenstates of this U(1) charge. In a 2d Dirac
fermion theory, we can take O1 = ψ and O2 = ψ¯. We would like to argue these oper-
ations which start with the insertion of the operator λ1O1(x) + λ2O2(x) in CFT1 and
which finally lead to the state (6.126) in QFT2, is an analogue of quantum teleportation
in CFTs.
Let us compare the above procedure with the standard quantum teleportation. Fol-
lowing the idea of quantum teleportation, we started with a maximally entangled state
on A1 and A2 by projecting the vacuum state with the operation P (3.50):
|Ψ〉12 = P|0〉1 ⊗ |0〉2 =
∏
x∈A1
[∑
nx
|nx〉A1|nx〉A2
]
⊗ |Ψ(Ac1 ∪ Ac2)〉12 (6.128)
where |0〉1,2 are the vacuum states of CFT1,2. |Ψ(Ac1 ∪Ac2)〉12 is the state on the union of
complements Ac1,2 of A1,2. Note that there is non-zero entanglement between A
1
c and A
2
c .
Now we act the local operator at x and we would like to teleport the state
|Ψ˜〉 = N˜O(λ1O1(x) + λ2O2(x))|Ψ(Ac1 ∪ Ac2)〉12. (6.129)
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Note that the normalization N˜O does not depend on λ1 and λ2 by assuming the U(1)
charge conservation as in (6.127) owing to the fact that the state |Ψ(Ac1 ∪Ac2)〉12 has zero
charge. Therefore the map from this initial state (6.129) and the final state (6.126) is
linear and may be regarded as a generalization of quantum teleportation. If we consider
operators Oi with different U(1) charges, we can generalize the above analysis to linear
combination
∑N
i=1 Oi to get N dimensional version of quantum teleportation.
However, one may notice that the state (6.129) is not purely defined as a state in
CFT1 because there is entanglement between A
1
c and A
2
c . Actually this is the reason why
our teleportation works even though the local measurement P projects to a state with no
real space entanglement, as opposed to the projection to EPR states (or Bell states) |Ψk〉
(6.115) in the original quantum teleportation.
To make our setup closer to the original quantum teleportation, we can add a small
slit Q just below the operator insertion as in Fig.18. This means that we start with a
certain state at x obtained by a projection Q onto a state |ϕ〉Q, which is not entangled
with any other regions and then we act the operator on it. In other words, our initial
state looks like
|Ψ′〉12 = PO(x)Q|0〉1 ⊗ |0〉2
= N˜ ′O(λ1O1(x) + λ2O2(x))|ϕ〉Q ⊗
∏
x∈A1
[∑
nx
|nx〉A1 |nx〉A2
]
⊗ |Ψ(A˜c1 ∪ Ac2)〉12,
(6.130)
where A˜c1 is defined by removing Q from A
c
1.
Note that if we trace out the CFT1 completely for the state (6.130), then we end up
with the mixed density matrix for CFT2 of the form:
ρ2 = Tr1 [|Ψ′〉12〈Ψ′|12] =
∏
x∈A2
[∑
nx
|nx〉〈nx|
]
A2
⊗ ρAc2 , (6.131)
where the information of the operator λ1O1(x) + λ2O2(x) is completely missing.
However, by projecting the state (6.130) by a state |ψ〉1, we can extract the information
of the operator. Indeed the final state in CFT2 after the projection is written as
|Ψ′〉2 = N ′O · e−
βH
4
H · (λ1O˜1(x) + λ2O˜2(x)) · e−
βH
4
HeitH |ψ〉2, (6.132)
where O˜1(x) and O˜2(x) are dressed operator in the present of the slit boundary Q. We
also included a real time evolution by t. We apply an appropriate unitary transformation
Uψ, which depends on the state |ψ〉 such that
U
(
N ′O · e−
βH
4
H · O˜i(x) · e−
βH
4
H |ψ〉2
)
= N˜ ′OOi(x)|ϕ〉Q ⊗ |ψ′(Qc)〉, (i = 1, 2) (6.133)
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for a certain state |ψ′(Qc)〉. The argument of linearity holds in a similar way as before by
choosing the state |ϕ〉Q to be an eigenstate of U(1) charge.
In this construction (6.132), if we take the limit βH → 0 and t→ 0, after the conformal
transformation we find a large damping factor like limy→∞ e−yH because of the presence of
boundary Q. Thus our teleportation fails in this limit. This is because the local projection
measurement leads to a state with no real space entanglement and the mechanism of
quantum teleportation does not work. Therefore we need to take βH or t to be non-
vanishing in this case.
6.3 Holographic Interpretation
We would like to consider holographic dual of quantum teleportation from CFT1 to CFT2
based on the previous setup. Let us start with an eternal BTZ black hole. Our entangled
state between the two CFTs is conformally mapped into a cylinder as in the right picture
in Fig.18. Thus, if we do not perform any projection measurement, the entangled state is
described by a half of Euclidean BTZ geometry. Its Lorentzian time evolution is simply
taken into account by Wick rotation, leading to an eternal Lorentzian BTZ black hole
[3]. In this geometry we cannot send any signal from CFT1 to CFT2 as there is no
interaction between them in the CFT Hamiltonian. Holographically this is because the
two boundaries are causally disconnected.
Before we proceed, let us do an easy exercise. A ground state of a single CFT is dual
to a pure AdS space. If we perform a local project measurement on the whole space
at a time, then it ends up with a state |ψ〉 with no real space entanglement, which is
holographically dual to an empty spacetime. Thus, the pure AdS space only exists for
t < 0 and it is terminated by a boundary at t = 0. This is the gravity dual of local project
measurement of a single CFT. In this scenario, a collapse of wave function is equivalent
to that of holographic spacetime.
Now consider the state (6.125) just after the local projection measurement. The inser-
tion of the local operator O(x) gives a localized excitation near the AdS boundary region.
In the version with the slit Q, we just need to replace O(x) with a dressed operator O˜(x)
as we mentioned. Since the projection measurement is interpreted as putting a boundary
in the Euclidean path-integral as in Fig.18, this is holographically dual to cutting out the
upper-left wedge of BTZ black hole, i.e. shaded region in the left picture of Fig.18. Fol-
lowing the prescription of AdS/BCFT [30], we need to impose the condition of vanishing
extrinsic curvature and this requires an introduction of backreactions. Eventually this
leads to the gravity dual given by the right picture of Fig.18, i.e. a half of an eternal BTZ
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Figure 19: A holographic description of quantum teleportation.
black hole with the operator insertion. Note that the temperature of the black hole is
now reduced by a factor two as is expected because the projection measurement reduces
quantum entanglement between the two CFTs. As is clear in this holographic descrip-
tion, the information of the operator O(x) originally inserted in CFT1 is teleported to the
CFT2 through the Euclidean black hole. This is the basic mechanism of our holographic
quantum teleportation.
Let us also comment on the classical communication. We need to send the result of
local projection measurement in CFT1 to CFT2 via a classical communication. Actually,
this can be done by swapping the information of projection measurement from CFT1 to
CFT2. Note that this is still a classical communication as we send a direct product state.
14
The size of the geometry which involves this swapping procedure can be negligible in the
gravity dual as there is no entanglement. Therefore we can regard it as a thin wire which
can be included in the Euclidean space (i.e. the lower half parts) in Fig.18.
The above holographic model of quantum teleportation is closely related to the one
by Susskind [9, 10], where we start with three copies of CFTs dual to three asymptotic
regions of two AdS black holes. Both share the crucial property that the information is
teleported through the Einstein-Rosen bridge.
7 Conclusions and Discussions
In this paper we formulated several important quantum operations in terms of quantum
field theories, especially two dimensional conformal field theories (CFTs). First we con-
sidered local projection measurements. In a CFT, a class of states produced after local
projection measurements are described by boundary states. Their holographic duals are
14We can insert a cut like Q to make the swapped part of CFT2 also have no real space entanglement.
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given by removing some regions from the AdS space with backreactions taken into ac-
count using the AdS/BCFT prescription. We also consider quantum operations for two
identical CFTs. We defined partial entangling of two CFTs by pasting two sheets in the
path-integral along a slit. We also introduced swapping operations by exchanging two
intervals.
The local projection measurement is conformally mapped to a path-integral on a
cylinder. After this operation, the entanglement entropy is reduced. Later it grows
linearly as in the case of quantum quenches and gets saturated for a while. Finally it
decreases to the original value for the ground state. We find this behavior in both a free
fermion CFT and a holographic CFT, though in the latter case we encounter a phase
transition.
The partial entangling operation is described by a path-integral on a torus. The
entanglement entropy between the two CFTs turned out to be proportional to the length
of entangled region and thus follows the volume law. The gravity dual of this state is given
by a BTZ black hole. We also computed the time evolution of holographic entanglement
entropy for an interval and we interpreted the results in terms of propagating entangled
pairs.
On the other hand, the swapping operation corresponds to another torus with a dif-
ferent period and the entanglement entropy between the two CFTs is given by a twice of
the familar logarithmic formula of ground state entanglement in 2d CFTs.
Finally we combined these quantum operations to give an analogue of quantum tele-
portation between two CFTs. We also present its holographic realization. The local
projection measurement leads to a collapse of spacetime and this cuts out one of two
boundaries of an eternal BTZ black hole. This allows us to send a signal from one CFT
to another CFT.
One immediate future problem is higher dimensional generalizations. Even though in
general we may not have any analytical control as gravity duals get more complicated in
more than three dimensions, still we can think of simple settings. One obvious example is
found by restricting two copies of Euclidean d dimensional CFTs to the region Σd specified
by t2E + ~x
2 ≥ l2 (i.e. outside of a round disk) and gluing their boundaries t2E + ~x2 = l2
with each other. After an obvious conformal map, this geometry is equivalent to pasting
two upper half planes along their boundaries to produce a full plane. A gravity dual of
this background is given as follows. A CFT on Σd is dual to a pure AdSd+1
ds2 = R2
(
dη2 + dt2E + d~x
2
η2
)
, (7.134)
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with a semi-sphere removed as
t2E + ~x
2 + η2 ≥ l2. (7.135)
The entangling two CFTs are described by attaching the two boundaries (radius l spheres).
After the holographic conformal map (4.62), the glued geometry is simply equivalent to
a full geometry of a pure AdSd+1. By using this map, we can understand the behavior of
correlation functions and entanglement entropy etc.
The quantum operations discussed in this paper offer us a new method to study quan-
tum information theoretical properties of CFTs. Indeed, we introduced a new quantity
δBA (4.75) using local projection measurement to probe some tripartite entanglement. It
is intriguing to pursuit this direction to study multi-partite entanglement.
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A Conventions of Theta Functions
Here we present our conventions of θ-functions. They are defined by
η(τ) = q
1
24
∞∏
n=1
(1− qn),
θ1(ν, τ) = 2q
1
8 sin(piν)
∞∏
n=1
(1− qn)(1− e2ipiνqn)(1− e−2ipiνqn),
θ2(ν, τ) = 2q
1
8 cos(piν)
∞∏
n=1
(1− qn)(1 + e2ipiνqn)(1 + e−2ipiνqn),
θ3(ν, τ) =
∞∏
n=1
(1− qn)(1 + e2ipiνqn− 12 )(1 + e−2ipiνqn− 12 ),
θ4(ν, τ) =
∞∏
n=1
(1− qn)(1− e2ipiνqn− 12 )(1− e−2ipiνqn− 12 ), (A.136)
where we set q = e2ipiτ . Their modular transformations are summarized as follows
η(τ) = (−iτ)− 12η(−1
τ
), θ1(ν, τ) = i(−iτ)− 12 e−pii ν
2
τ θ1(ν/τ,−1
τ
),
θ2(ν, τ) = (−iτ)− 12 e−pii ν
2
τ θ4(ν/τ,−1
τ
), θ3(ν, τ) = (−iτ)− 12 e−pii ν
2
τ θ3(ν/τ,−1
τ
),
θ4(ν, τ) = (−iτ)− 12 e−pii ν
2
τ θ2(ν/τ,−1
τ
). (A.137)
B Toy Analytical Example of Entangling Two CFTs
Here we present an simple and analytical example which is analogous to the setup where
we partially glue two CFTs. In the Euclidean path-integral, this model is defined by two
complex planes with two circular holes attached with each other along the edges of the
holes. Each sheet of the doubled planes is mapped into a cylinder as sketched in Fig.20.
If we focus only this single sheet, the setup is analogous to the one with a projection
measurement. We will describe the detail of this transformation and computations of
holographic entanglement entropy below.
B.1 Conformal Map of a Circle
We define a complex plane with two holes (radius l) by
|X + ir2| ≥ l, |X − ir1| ≥ l, (B.138)
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Figure 20: A simple way to entangle two CFTs is described by gluing two planes along
two holes (left). Each of the two sheets can be mapped into a cylinder in the chains of
conformal transformations shown in the right picture.
where r1,2(> l) describe the Euclidean time evolution. To describe the real time evolution,
we eventually perform the following analytical continuation:
r1 = r − it, r2 = r + it, (B.139)
where r is interpreted as the UV regularization parameter of the gluing procedure and t
is the real time coordinate.
We find that the following map
x = i
(
aζ + b
ζ + 1
)
,
a =
r2 − r1
2
−
√
(r2 + r1)2
4
− l2,
b =
r2 − r1
2
+
√
(r2 + r1)2
4
− l2, (B.140)
transforms the two circle |x+ ir2| = l and |x− ir1| = l into a two circles centered at the
origin |ζ| = R1 and |ζ| = R2, where the two radii R1 > R2 are
R1 =
l
r1+r2
2
−
√
(r2+r1)2
4
− l2
,
R2 =
l
r1+r2
2
+
√
(r2+r1)2
4
− l2
. (B.141)
49
Using (B.139), we get
a = it−
√
r2 − l2, b = it+
√
r2 − l2,
R1 =
r +
√
r2 − l2
l
, R2 =
r −√r2 − l2
l
. (B.142)
In this way, the sheet is mapped into an annulus with the coordinate ζ.
We act a further conformal transformation
ζ = R2 · e
√
2w, (B.143)
with w = x+iy√
2
. The annulus is now mapped into a cylinder
− pi ≤ y ≤ pi, 0 ≤ x ≤ log R1
R2
. (B.144)
In a similar way, by the map ζ = R2 · e−
√
2w, the same annulus is mapped into the
cylinder with the range
− pi ≤ y ≤ pi, − log R1
R2
≤ x ≤ 0. (B.145)
If we paste the two of such cylinders along each edge, the total space is now described by
a torus with the period τ = τ1 + iτ2:
τ1 = 0, τ2 =
log R1
R2
pi
. (B.146)
Moreover it is useful to perform the following conformal transformation in order to
conduct holographic computations:
ξ = e2iβw. (B.147)
All these maps are summarized in the right picture of Fig.20.
B.2 Holographic Description
Now we move on to the gravity dual of a holographic CFT on the previous torus geometry.
There are two phases depending on the length of the x- and y-circle, denoted by |Cx| and
|Cy|, respectively:
Thermal AdS Phase : τ2 =
|Cy|
|Cx| =
log R1
R2
pi
≤ 1, (B.148)
BTZ BH phase : τ2 =
|Cy|
|Cx| =
log R1
R2
pi
≥ 1. (B.149)
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Note that in former (and latter) phase, the y-circle Cy (and x-circle Cx) is contractible.
Their gravity dual of the former and latter phase can be simply obtained by assuming
the Poincare AdS metric whose boundary give by the annulus in the ζ coordinate and ξ
coordinate, respectively, where we impose the restriction and identification in the most
symmetric way as in [30].
Since there is no black hole in the former phase, the entanglement entropy between
the whole space in the first CFT and that in the second CFT is vanishing. Therefore we
focus on the latter phase below. The holographic dual of the phase (B.149) is given by
the Euclidean BTZ black hole (4.66) which has the periodicity x ∼ x +
√
2pi
β
. We also
compactify y such that y ∼ y + 2pi. Therefore we choose
β =
pi√
2 log R1
R2
. (B.150)
We can also map the gravity solution (4.66) into the Poincare AdS3 (4.60) via the map
(4.62) for the conformal transformation (B.147). However note that we are actually
considering the quotient of the Poincare AdS3 (4.60) by the identification y ∼ y + 2pi in
the w coordinate, which is equivalent to the identification: (η, ξ, ξ¯) ∼ e2
√
2piβ(η, ξ, ξ¯). In
other words, this is a solid torus defined by
e−
√
2piβ ≤
√
η2
2
+ |ξ|2 ≤ e
√
2piβ, (B.151)
with the two half sphere boundaries identified.
B.3 Entanglement Entropy between Two CFTs
We can holographically compute the entanglement entropy S1 for the first CFT when we
trace out the second one completely in our setup. In the BZT black hole phase (B.149),
this entanglement entropy S1 is given by the black hole entropy
S1 =
Horizon Length
4GN
=
piR
GN
· β√
2
=
cpi2
3
· 1
log R2
R1
, (B.152)
where c is the central charge. Note also that we can justify this result in the limit r → l
(i.e. τ2 → 0) without using the holography using the standard result of thermal entropy
in the high temperature limit.
In terms of the parameter r and l, we find
S1 =
2pi2c
3
· 1
log r+
√
r2−l2
l
. (B.153)
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Figure 21: The plot of τ2 =
|Cy |
|Cx| , which is proportional to entanglement entropy between
the two CFTs, as a function of r/l. The blue curve for 0 < γ < 1 describes the behavior
of the entanglement entropy. In AdS3/CFT2, at γ = 1 there is a phase transition and the
entropy becomes vanishing for γ > 1.
This is a monotonically decreasing function of the Euclidean time r as we expect (refer
to Fig.21). When log r+
√
r2−l2
l
= pi
2
, the entropy S1 suddenly changes to zero as we need
to choose the thermal AdS phase (B.148).
Since the radii (B.141) only depends on r2 + r1 and thus the resulting entanglement
entropy SA does not depend on the real time t under the time evolution. This is because
the time evolution is described by a unitary transformation which is a direct product with
respect to the two CFTs.
It is intriguing to consider the limit δ ≡ r − l l. In this case S1 behaves like
S1 ∼ c
√
l
δ
. (B.154)
This result is actually consistent with our expectation. δ is interpreted as the UV
cut off the entangled pairs between the two CFTs along an interval. If the length of
this interval is ∆x, then the entanglement entropy is estimated as SB ∼ c · ∆xδ as follows
from the volume law of the maximally entangled state. The length ∆x is estimated by
requiring the distance between the upper and lower boundary is of order δ namely,
l −
√
l2 − (∆x)2 ∼ δ, (B.155)
which leads to ∆x ∼ √lδ. Thus we reproduce the behavior (B.154).
B.4 Time Evolution of Entanglement Entropy for an Interval in
Two Entangling CFTs
Finally we compute the time-dependent entanglement entropy SA when we choose A to
be an interval in the first CFT. The subsystem A is describes as [X1, X2] in the complex
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coordinate X. We choose both X1 and X2 to be real. The gravity dual in the X coor-
dinate can be found by applying the previous chain of conformal transformations to the
holographic map from (4.60) to (4.63).
To calculate the length of geodesic between the two points, we start with the Poincare
AdS coordinate (η, ξ, ξ¯), where the holographic entanglement entropy is simply given by
(5.102). The UV cut off η = 1,2 should respect the original UV cut off z = a in the X
coordinate. Thus we find the following relation from (4.62)

a
=
√
2β
√
r2 − l2√
(x2 − t2 + r2 − l2)2 + 4t2(r2 − l2)ζ
−iβ/√2ζ¯ iβ/
√
2, (B.156)
where
ζ =
i
√
r2 − l2 − x− t
i
√
r2 − l2 + x+ t , ζ¯ =
−i√r2 − l2 − x+ t
−i√r2 − l2 + x− t . (B.157)
Note that ζ¯ is not actual complex conjugate of ζ because we need to treat t as an imaginal
number due to the analytical continuation of the Euclidean time.
We presents some plots of holographic entanglement entropy in Fig.22. We subtracted
the vacuum contribution. The peaks in the first plot is explained by noting that the
entangled pairs between the two CFTs are locally generated around X = 0 and propagate
at the speed of light. When the entangled pairs come into the interval, SA gets increased.
The second plot shows how the entropy grows as the size of interval increases at various
times. Again we can confirm the light-like propagation of entangled pairs.
B.5 Entanglement Entropy under Projection Measurement
Consider a single sheet with two circular holes instead of the double sheet. This is
analogous to the projection measurement around the region near the holes. For this
purpose we just need to restrict to the cylinder (B.144) and ignore (B.145).
It is obvious from our previous arguments that the gravity dual of this setup is obtained
by cutting the previous solid torus into a half as in [30]. Thus there are two possible types
of geodesics: connected one and disconnected one as in Fig.15. Notice that for the latter
one, we need to carefully evaluate the location of end point of the geodesic as we did in
(5.109).
We plotted both of them in Fig.23. The first graph shows the increased amount of
entanglement entropy as a function of the location of a fixed length interval at t = 0. The
blue and red curve correspond to the connected and disconnected geodesic. The latter
takes negative values near the origin. This is because due to the projection measurement
removes large part of vacuum entanglement in this region. Since we always need to pick up
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Figure 22: The behavior of holographic entanglement entropy with the vacuum contri-
bution subtracted in the gravity dual of the two cuts geometry. We normalized the total
value by choosing the central charge c = 6 and assume the length parameters to be r = 2
and l = 1. In the left picture, we plotted ∆SA as a function of the time t for 4 differ-
ent choices of interval subsystem A i.e. [0, 10] (blue), [20, 30] (red), [40, 50] (yellow) and
[60, 70] (green). In the right picture, we plotted ∆SA as a function of x for the interval
subsystem A given by [0.1, x]. The blue, red, yellow, green and blue curve corresponds to
t = 0, 10, 20, 30 and 40, respectively.
the smaller contribution among the disconnected and connected geodesic length, near the
origin the disconnected one is favored. However, if we instead consider the previous setup
of doubled CFTs, only connected one is allowed. In this case, the peak near the origin is
clearly understood because the entangled pairs are expected to be localized around |x| ≤ l.
The second plot shows the time evolution for the interval [−1, 1]. Initially, the growth
of entropy is negative and increases to be slightly positive. After that, it switches to the
connected geodesic solution and gets vanishing at late time as the system approaches to
the vacuum state.
C HEE for Two Symmetric Intervals under Local
Projection Measurements
Here we give a holographic calculation of SA when A is a union of two (symmetric)
intervals defined by q + l1 ≤ x ≤ q + l2 and −q − l2 ≤ x ≤ −q − l1. In this case, we find
there are six different phases, four out of them can be dominant depending on the values
of parameters (see Fig.24).
First, we consider phases which are symmetrical extensions of the phases in the one
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Figure 23: In the left picture, we showed ∆SA as a function of x for the interval subsystem
A defined by [x − 1, x + 1]. The blue and red graph correspond to the result from the
connected and disconnected geodesic. In the right picture we plotted ∆SA as a function
of time t when we defined A to be the interval [−1, 1]. We normalized the total value by
choosing the central charge c = 6 and assume the length parameters to be r = 1.1 and
l = 1.
interval case (Phase-1 and -2). Their contributions to HEE SA are
SA(1) =
c
3
log
2(2q + l1)l1
aq
2(2q + l2)l2
aq
(√
2q+l1
l1
−
√
2q+l2
l2
)2
4
√
2q+l1
l1
√
2q+l2
l2
 , (C.158)
for Phase-1 (connected) and
SA(2) =
c
3
log
[
2(2q + l1)l1
aq
2(2q + l2)l2
aq
]
, (C.159)
for Phase-2 (disconnected).
Next, we consider phases where one interval is connected to the slit and another
interval is disconnected (Phase-3 and -4). Their contributions are the same:
SA(3) =
c
3
log
[
2(2q + l1)l1
aq
2(2q + l2)l2
aq
]
+
c
6
log

(√
2q+l1
l1
−
√
2q+l2
l2
)2
4
√
2q+l1
l1
√
2q+l2
l2

= SA(4) =
1
2
(SA(1) + SA(2)) . (C.160)
This means that SA(3) = SA(4) cannot contribute to the HEE.
The remaining phases are 2 phases : a phase where two intervals are connected each
other (Phase-5) and a phase where one of the edges of each interval is connected to the
slit (Phase-6). Their contributions to HEE SA are
SA(5) =
c
6
log
[
2(2q + l1)l1
aq
2(2q + l2)l2
aq
(
2q
a
)2]
, (C.161)
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for Phase-5 and
SA(6) =
c
3
log
[
2(2q + l1)l1
aq
]
+
c
6
log
[
2(2q + l2)l2
aq
2q
a
]
, (C.162)
for Phase-6.
In this way, SA has 4 phases: Phase-1,2,5,6. SA(1) becomes the leading contribution
for (
0 <
l2 − l1
2q
< F12
(
l1
2q
)
, 0 <
l1
2q
<
−7 + 5√2
14
)
,(
0 <
l2 − l1
2q
< F16
(
l1
2q
)
,
−7 + 5√2
14
<
l1
2q
<
−1 +√2
2
)
,(
0 <
l2 − l1
2q
< F15
(
l1
2q
)
,
−1 +√2
2
<
l1
2q
)
. (C.163)
SA(2) becomes the leading contribution for(
F12
(
l1
2q
)
<
l2 − l1
2q
<
−1 +√2
2
− l1
2q
, 0 <
l1
2q
<
−7 + 5√2
14
)
. (C.164)
SA(5) becomes the leading contribution for(
F15
(
l1
2q
)
<
l2 − l1
2q
,
−1 +√2
2
<
l1
2q
)
. (C.165)
SA(6) becomes the leading contribution for(
−1 +√2
2
− l1
2q
<
l2 − l1
2q
, 0 <
l1
2q
<
−7 + 5√2
14
)
,(
F16
(
l1
2q
)
<
l2 − l1
2q
,
−7 + 5√2
14
<
l1
2q
<
−1 +√2
2
)
. (C.166)
where
F12(x) =
x(1 + x)
α− x , (C.167)
F15(x) = 1 + 2x+ 2
√
2x(1 + x), (C.168)
F16(x) = 2
√
x(1 + x)
[
1 + 2x+
√
2
(
2x(1 + x) +
√
x(1 + x)
)]
. (C.169)
The phase diagram is plotted in Fig.24.
56
Phase-1 Phase-2
Phase-6Phase-5
Phase-3
Phase-4
Figure 24: The left pictures show the six difference phases of geodesics. The right picture
describes the phase diagram of the HEE SA in the
l1
2q
– l2−l1
2q
plane. We assigned colors
to the phases : blue to SA(1), orange to SA(2) (tiny region), green to SA(5), and red to
SA(6).
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